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I .  INTRODUCTION 

Aerodynamic design requirements demand the ability to calculate tables of 

thermodynamic properties and equilibrium compositions of air for thermodynamic 

states far from normal laboratory conditions. Earlier design requirements led 

to the production of tables at very high temperatures ranging in density from 

quite low densities to intermediate densities. The NBS tables I (which were 

published under AEDC support) are examples of a response to this earlier need. 

These tables covered the temperature range 1500 K ~ T ~ 15,000 K and the 

density range 10-6 - < P/Po $ 102' where 0 ° is the density at the standard condi- 

tions of T - 273.15 K and P = 1 bar. More recently, there have been indica- 

tions 2 of needs for tables covering considerably higher densities at these 

elevated temperatures. 

In  t h i s  p r o j e c t ,  we were  r e q u e s t e d  t o  a t t e m p t  t o  d e v e l o p  methods  f o r  t h e  

c a l c u l a t i o n  o f  t h e  p r o p e r t i e s  o f  a i r  f o r  d e n s i t i e s  up to  1000 t i m e s  n o r m a l  s e a  

level density. If successful, these tables, taken together with the NBS tables 

already published, would result in tables being available for the enormous 

density range 10 -6 ~ 0/0o ~ 103 (i.e. nine orders of magnitude) at temperatures 

well outside those associated with laboratory experiments. Such tables would 

then represent an extrapolation from ordinary conditions of over two orders of 

magnitude in temperature end at the same time, an extrapolation of at least one 

order of magnitude in density from the earlier tables. 

Combined e x t r a p o l a t i o n s  o f  such  m a g n i t u d e s  i n  t e m p e r a t u r e  and d e n s i t y  p o s e  

v e r y  d i f f i c u l t  p r o b l e m s .  They must  o f  n e c e s s i t y  be  b a s e d  on f u n d m n e n t a l  

p r o p e r t i e s  o f  t h e  s y s t e m s  unde r  s t u d y ,  p r o p e r t i e s  which  migh t  n o t  v a r y  o v e r  t h e  

r a n g e  o f  the  e x t r a p o l a t i o n .  These  p r o p e r t i e s  must  a l s o  be  used  in  a f ramework  

o f  f u n d a m e n t a l  t h e o r e t i c a l  methods  v a l i d  o v e r  t h e  e n t i r e  r a n g e  o f  t e m p e r a t u r e s  

and d e n s i t i e s  o f  i n t e r e s t .  I n  a d d i t i o n ,  s p e c i f i c  n u m e r i c a l  methods  must  be  

d e v e l o p e d  and com pu t e r  p rog ram s  p roduced  f o r  t r a n s f o r m i n g  t h e s e  n u m e r i c a l  methods  

i n t o  t he  a c t u a l  c a l c u l a t i o n  o f  t a b l e s .  These  n u m e r i c a l  p r o b l e m s  i n c l u d e  the  

o f t e n  d i f f i c u l t  t a s k  o f  p r o d u c i n g  methods  f o r  t h e  s o l u t i o n  o f  s e t s  o f  n o n - l i n e a r  
3 

a l g e b r a i c  e q u a t i o n s ,  w i t h  such methods  b e i n g  r e q u i r e d  t o  p r o d u c e  s o l u t i o n s  f o r  

a wide v a r i e t y  o f  v a l u e s  f o r  t h e  unknown p a r a m e t e r s .  
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It should be obvious that, because of the extent of the extrapolations 

required, empirical correlation methods are not appropriate here. 

Such engineering methods involve the least squares fitting of measured data to 

equations containing arbitrary parameters. Such parameters generally do not 

have physical significance and can therefore only be used wlth extreme caution 

if at all in extrapolations beyond the range of experimental data on which their 

values are based. In fact, using arbitrary parameters obtained by least squares 

fitting s in such long extrapolations beyond the range of their data base 

generally produces highly erratic behavior. Furthermore, considerable addition- 

al difficulty could be anticipated in applying such methods to mixtures. Mixing 

rules for non-physlcal parameters in the context of emplrlcal correlations are 

generally arbitrary and often not useful even within the range of the data base 

and hence their behavior in extrapolations is unpredictable. 

The original plan on which this research was based envisioned the use of 

the then developing and fundamentally based integral equation theory for the 
4 

equatim; of state of fluids. At the time this work began, that theory, though 

very promising for one component systems, had not been applied to mixtures nor 

had any attempt been made to integrate it into the context of chemical or phase 

equilibrium. It was not clear how one might calculate the free energy and 

chemical potentials of a multicomponent mixture within this approach. The study 

of the possibility of using the integral equation approach was, in fact, to 

constitute the major part of the research program supported by this contract 

with the probability of success not entirely clear. A rather complex and 

purely numerical approach was envisioned which, although it might of necessity 

be very complicated in a numerical sense, might nevertheless he expected 

ultimately to be made to work. Because of its expected complexity, the basic 

numerical parts of the problem were postponed in favor of a close study of the 

details of the integral equation approach itself. Initially, this involved 

examining integral equation methods as a means for representing the equation of 

state of pure substances before looking at them as possible methods for mixtures. 

Any statistical mechanical method which could be used in this work 

(particularly one consistent with the earlier tables) including the integral 

e q u a t i o n  approach ,  r e q u i r e s  the  use o f  i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n s .  For 

the  t e m p e r a t u r e s  of  i n t e r e s t  in  aerodynamic p rob lems ,  such i n t e r m o l e c u l a r  
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potential functions would certainly be used beyond the range in which data fits 

were carried out to obtain their parameters. This means that methods used to 

obtain these parameters would need to be understood very thoroughly. Further- 

more, because of the implicit way in which the potential functions appear in 

statistical mechanical theories, the effect of uncertainties in their parameters 

on the accuracy of calculations in which they are used is not always clear. For 

these reasons, much of the time in this research program had to be spent in the 

study of the means by which intermolecular potential functions are obtained 

from experimental data of various kinds and in the study of the effect on cal- 

culated tables of extrapolating incorrect intermolecular functions 5. Although 

this extrapolation of the potential parameters beyond the range of the data 

could be expected to introduce errors, these errors could he expected to be far 

les___.ss than those obtained from extrapolation of least squared fits to data such 

as are con,non in the usual empirical approaches. Furthermore, one might expect 

the general behavior of the functions calculated to be reasonable. This follows 

from the fact that the essential behavior of the potential function would be 

correct and from the fact that the "actual" potential functions would not vary 

with temperature so that the relationship between the potentials chosen end the 

"real" ones would not contain any bidden surprises on extrapolation to higher 

temperatures. 

Although the present work emphasizes the high density region, it had to be 

designed to retain the earlier tables. Since these earlier calculations already 

covered densities up to i00 times normal sea level denslty, the extension from 

i00 to I000 times normal density needed to be done using methods which included 

the earlier approach. At the highest densities, the earlier tables included a 

correction for the second vlrial coefficient based on the intermolecular forces 

between the molecules. Hence, almost any approach is consistent with the 

earlier tables if it makes use of a statistical mechanical theory based on these 

same intermolecular forces provided that this theory has the same (and correct) 

linear term in its low density expansion. 

As t h e  work p r o g r e s s e d ,  a l t e r n a t i v e  a p p r o a c h e s  were  examined in  an a t t e m p t  

t o  a v o i d  t he  n u m e r i c a l  c o m p l e x i t y  e x p e c t e d  in  t he  i n t e g r a l  e q u a t i o n  a p p r o a c h .  

These  o t h e r  methods  were  r e j e c t e d  e i t h e r  b e c a u s e  t h e i r  c o m p l e x i t y  d id  n o t  o f f e r  

any a d v a n t a g e  o v e r  t h e  i n t e g r a l  e q u a t i o n  a p p r o a c h  o r ,  more u s u a l l y ,  b e c a u s e  t h e y  
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required the extrapolation of parameters which had no physical basis. One 

alternative which appeared to hold promise, resulted from research by one of us 

(Lester Hear). An equation of state for slngle component fluids was developed 

which seemed to us capable of being used in this work in a computational 

procedure far simpler than that projected for the integral equation method. 

Also, It was based on fundamental ideas and was thought to provide a natural 

extension of the previous NBS tables. The approach is based on an equation of 

state due to Haar and Shenker 6, (HS), which was developed for the extrapolation 

of low density experimental data of one component system to high densities along 

isotherms at ordinary temperatures. According to the assumptions on which it was 

based, the HS equation was ekpected to work well at temperatures above the 

critical temperature and to improve with increasln 6 temperature and this was 

indeed found to be the case by them. They also found indications that the method 

could be used to produce engineering calculations of reasonable accuracy even 

below the critical temperature into the liquid range. 

The HS equation uses second vlrlal coefficient data at each temperature as 

a basis for extrapolating to high densities. In our studies of the relationship 

between second vlrlal coefficients and intermolecular potentials, we saw that 

the determination of intermolecular forces from second vlrlal coefficients, if 

done properly, could be used to produce a temperature extrapolation of the 

second virlal coeffclent to higher temperatures even as high as required in 

aerodynamic calculations. Thus, given an intermolecular potential function for 

a particular substance, a complete high temperature PVT surface could, in 

principle, be produced for that substance, with the potential function being 

used to calculate second virlal coefficients at all temperatures of interest 

and these vlrial coefficients, in turn, serving as the basis for the HS equation 

at all densities. 

Before it could be used in this work, the HS equation (which was developed 

for a pure substance) had to be extended to mixtures in the context of a 

reacting gas. This we have done and the details of the formalism will be 

presented in this report. The resulting formalism was used by us to produce 

the attached set of tables. A difficulty is expected to arise in this formalism 

whenever there is a need for intermolecular potential functions between 



AE DC-TR-76-85 

fragments which are present in the mixture at high temperatures but which do not 

exist at ordinary temperatures. Potential functions between such molecular 

fragments can, however, often be characterized approximately by means of the 

potential function which describes the vibrational spectra of the combined 

fragments or, failing such spectra, from estimates of molecular sizes. Since 

estimates of the intermolecular forces between the various species had to be 

made for the earlier tables (including those species not present at ordinary 

temperatures), the basic data needed for this approach were actually already 

available at the start of this work. In order to ensure consistency in the 

initial calculations, we decided to use these same estimates of these forces in 

the calculations on which we report here. 

Al though  the  fo rmal  framework of  the  approach  used by us i s  a v a l i d  one ,  the  

v a l u e s  c o n t a i n e d  in  the  a t t a c h e d  t a b l e s  s h o u l d ,  f o r  a number o f  r e a s o n s ,  on ly  be 

c o n s i d e r e d  an i n t e r i m  s e t  o f  v a l u e s : -  

1. The e s t i m a t e s  o f  the  i n t e r m o l e c u l a r  p o t e n t i a l s  used a r e  based  on an 

o ld  a n a l y s i s  by Woolley 7 i n  terms o f  the  (12 ,6)  p o t e n t i a l  f u n c t i o n .  As a 

r e s u l t  o f  our  e a r l i e r  work under  AEDC s u p p o r t ,  b e t t e r  p o t e n t i a l s  a r e  now known 

and shou ld  be used f o r  the  ma jo r  s p e c i e s  and t h e s e  same p o t e n t i a l s  shou ld  a l s o  

be used in  p l a c e  of  t he  (12 ,6)  f o r  t h e  new e s t i m a t e s  o f  t h o s e  a s s o c i a t e d  w i t h  

the  minor  s p e c i e s .  As a l r e a d y  men t ioned ,  we used t h e s e  o l d e r  e s t i m a t e s  so as 

t o  ensu re  c o n s i s t e n c y  between t h e s e  t a b l e s  and the  e a r l i e r  t a b l e s .  

2. In  s e v e r a l  c a s e s ,  c e r t a i n  unknown i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n s  

were a r b i t r a r i l y  t aken  as e q u i v a l e n t  t o  o t h e r s  t h a t  were known. The e f f e c t  o f  

t h i s  c o u l d  be i m p o r t a n t  a t  t he  v e r y  h i g h e s t  d e n s i t i e s .  

3. As we s h a l l  d e s c r i b e  below,  we have used an ad hoc approach  in  the  

d e t e r m i n a t i o n  o f  ha rd  sphe re  d i a m e t e r s  a t  t h o s e  t e m p e r a t u r e s  f o r  which t he  

s l o p e  o f  the  second v i r i a l  c o e f f i c i e n t  i s  n e g a t i v e .  

4. In  t h i s  work o n l y  t he  c o m p r e s s i b i l i t y  f a c t o r  and e q u i l i b r i u m  compos i -  

t i o n s  have been c a l c u l a t e d .  

Each o f  t h e s e  compromises has been made in  o r d e r  to  p roduce  r e s u l t s  to  t e s t  t he  

a p p r o a c h ,  l e a v i n g  the  p r o d u c t i o n  of  more e x t e n s i v e  t a b l e s  f o r  p o s s i b l e  l a t e r  work.  
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Grabau and Brahlnsky 8, (GB)p attempted an extrapolation of the earlier NBS 

tables to 103 times normal density for air and nitrogen. Their method was 

essentially seml-empirical. Their method was based on an equation having, in 

part, a fundamental basis and which contained a dependence on ideas partially 

related to the use of Intermolecular forces. Their method could not be applied 

to a gas of varying composition (i.e. a reacting gas), for which reason they 

restricted their air calculations to temperatues below 6000K. Their method 

would also be expected to lose accuracy very rapidly at any temperature as the 

density increased due to a need for successive subtractions and because of their 

neglect of higher order terms. Since their method was based mainly on a graph- 

ical extrapolation, even qualitative estimates of its adequacy could not be made 

by them. 

In this report, we compare our results with the extrapolation of Grabau 

and Brahlnsky. These comparisons are interesting and will be discussed below. 

The agreement between the two extrapolations at intermediate density at the 

temperatures which they have in common is expected since the GB extrapolations 

were based on the earlier NBS tables with which our results are entirely 

consistent. The two results show considerable disagreement at the highest 

densities for reasons discussed below. 

Our report contains plots at two representative temperatures of species 

concentrations for some important species. These plots show some interesting 

and possibly unexpected density behavior as discussed below. Information on 

composition behavior is not available in the approach of Grabau and Brahlnsky 

since their method is applied to the thermodynamic properties only. Of partic- 

ular interest in our plots are the dependences of concentrations o~ density as 

produced in three widely used approximations - the ideal gas, the second vlrlal 

coefficient gas and the HS gas. Regardless of the ultimate accuracy of our own 

model, the differences among these three approximations can be expected to be 

indicative of the magnitude of the effect of the analogous three approximations 

in any other (and possibly more accurate) theoretical model. 

Many unexpected technical numerical and computer programming problems were 

encountered in adding on the extreme high density end o f  the calculation. 

These had to do with numerical difficulties in obtaining solutions and will be 

discussed only in passing in this report. 

I0 
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A. BACKGROUND 

If. THE EQUATION OF STATE OF HAARAND SHENKER 

The first step in the calculation of the thermodynamic properties of a re- 

acting mixture involves the computation of the composition corresponding to 

reaction equilibrium. W~thln the framework of the formalism previously used by 

us, this corresponds to the solution of the equations associated with the law of 

mass action, as modified to take account of any non-ldeal effects, subject to 

the conservation laws for nuclear types. The mass action relations can be 

written 

Ci = ~i(O/Oo)-~i ~ y '  (1)H Ck vik (1) 
i k 

where t he  C k a r e  the  c o n c e n t r a t i o n s  o f  t h e  -----'----reference species,mi Vik the  

s t o i c h i o m e t r i c  c o e f f i c i e n t s  f o r  the  r e a c t i o n ,  K i = Ki(T/T o) w i t h  K i the  

equilibrium constant, -~i = ~vij-i the net production of particles across the 

reaction, Po the density at standard conditions (for P = one atmosphere 

= '(&)is the effective pressure and for T = T O 273.15 kelvins) and where 7i 

activity coefficient for the £th non-ldeal effect for the i th reaction. A 

detailed discussion of this equation and its derivation are contained in 

' assoclatedwlth the Debye- reference (3) and will not he repeated here. The 7i 

Huckel theory and that associated with the second virlal coefficient are 

• ' for the HS contained in Appendix B of reference (3) The derivation of the 7i 

equation constitutes a major part of this report. For the moment, it will be 

' can be obtained for any equation of enough to state that, in principle, a 7 i 

state but, in practice, the procedure is very complicated and not always clear. 

' for the HS equation can be The understandlnE that formal expressions for the 7i 

obtained constitutes the motivation for the followin 8 extended discussion of 

that equation of state, of its development and of tests of its validity. 

II 
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Hear and Shenker  (HS), deve loped  an e x t r e m e l y  s imple  e q u a t i o n  o f  s t a t e  

based  on the  v i r t a l  expans ion  and on the  b e h a v i o r  o f  t he  v i r i a l  c o e f f i c i e n t s  a t  

h i g h  t e m p e r a t u r e s .  The HS e q u a t i o n  r e q u i r e s  o n l y  a knowledge o f  t he  second 

virial coefficient and its first derivative at each temperature and from this 

the behavior at all densities is obtained. As already mentioned, the HS 

equation can be used, in a very simple and straightforward manner, to extra- 

polate PVT data in both the temperature and density directions. It is also 

expected to improve with increasing temperatures since the validity of the 

assumptions on which it is based improves with increasing temperature. It is 

therefore particularly well suited for these calculations. 

The development of the equation of state was motivated by earlier work by 

Hear and Lavelt Sengers 9 who showed that only two parameters are required to 

correlate thermodynamic properties for a number of simple non-polar gases alone 

individual isotherms. The two parameters of Hear and Levelt Sengers had to be 

different for each temperature and were obtained by fits to experimental data on 

each isotherm. These two parameters could, in principle, be determined from 

experimental data at each temperature in a number of different ways. 

The e q u a t i o n  o f  s t a t e  o f  Haar and Shenker  a l s o  has  two p a r a m e t e r s  f o r  each  

i s o t h e r m  w i t h  t he  v a l u e s  o f  t he  p a r a m e t e r s  b e i n g  de t e rmined  from v a l u e s  o f  t he  

e x p e r i m e n t a l  second  v i r l a l  c o e f f i c i e n t .  S ince  t h e r e  a r e  two p~ rame te r s  a t  each  

t e m p e r a t u r e ,  two p r o p e r t i e s  o f  the  second v l r i a l  c o e f f i c i e n t  a r e  r e q u i r e d  a t  

each  t e m p e r a t u r e  t o  d e t e r m i n e  t h e i r  v a l u e s .  Haar  and Shenker  chose  f o r  t h e s e  

t he  second  v i r i a l  c o e f f i c i e n t  and i t s  f i r s t  d e r i v a t i v e .  The p a r a m e t e r s  so 

o b t a i n e d  can be r e g a r d e d  as b e i n g  an e f f e c t i v e  t e m p e r a t u r e  dependen t  m o l e c u l a r  

size, which sets the scale of density on the isotherm, and an effective temp- 

erature dependent molecular well depth which sets the temperature scale on which 

the isotherms are assigned. Each of these parameters is associated with the 

experimental system. In the following derivation these two quantities will be 

considered to be only slowly varying functions of the temperature which greatly 

simplifies their calculation. This assumption is certainly valid in the range 

of temperatures of interest in this work. In this way Hear and Shenker 

developed an equation of state for the correlation and prediction of high 

density data at temperatures above critical using two temperature dependent 

parameters. The parameters chosen have a fundamental basis and a simple method 

12 
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for their determination was devised. The fact that the parameters so chosen 

could also be associated with notions of corresponding states promised general 

success, 

The repulsive energy between two molecules in a gas can generally be 

characterized by a very steep function at small Intermolecular separations. To 

a first approximation this repulsion can be described by the interaction between 

hard spheres. Since repulsive effects are known to dominate at high temper- 
10 

atures , it is reasonable to take the equation of state of a gas of hard spheres 

(for which there are only repulsive effects) as a starting point in the develop- 

ment of an equation of state for any gas at high temperatures. To facilitate 

this, Hear and Shenker express the actual equation of state as the sum of a 

hard sphere contribution (to be calculated by a method as yet unspecified) plus 

the difference between the actual equation of state and this hard sphere 

contribution. This involves no approximations since the two parts add up 

identically to the actual equation of state regardless of how the hard sphere 

contribution is handled. The first approximating assumption consists in taking, 

for the hard sphere contribution, the result obtained from Percus-Yevlck theory II 

using the compressibility equation of state. It has been shown t h a t  this 

representation differs only slightly from exact hard sphere theory up to 

densities approaching 2/3 the close packing density 12. A second (and more 

serious) approximation involves the choice of method for obtaining the hard 

sphere diameters needed in the Percus-Yevick theory. 

The d e r i v a t i o n  o f  ttLe HS e q u a t i o n  o f  s t a t e  s t a r t s  f rom the  a s s u m p t i o n  t h a t  

t h e  N body p o t e n t i a l  o f  t he  f l u i d  can be r e p r e s e n t e d  by  a sum o f  p a i r - p o t e n t i a l s  

and t h a t  t he  U r s e l l - M a y e r  v i r i a l  e x p a n s i o n  in  t h e  d e n s i t y  13 i s  v a l i d  f o r  a l l  

p o t e n t i a l  f u n c t i o n s  of  i n t e r e s t .  The v i r i a l  s e r i e s  f o r  any p o t e n t i a l  i s  t h e n  

t r a n s f o r m e d  i n t o  a r a p i d l y  c o n v e r g e n t  e x p a n s i o n  abou t  t he  h a r d  s p h e r e  s e r i e s .  

F i n a l l y ,  the  e q u a t i o n ' s  p a r a m e t e r s  a r e  f i x e d  by  impos ing  as  bounda ry  c o n d i t i o n s  

the requirement that the first correction to the ideal gas be valid. This last 

follows automatically when the second virlal coefficient is used t o  determine 

the parameters and is the basis of the consistency between our model and the 

earlier NBS tables. 

13 
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B. DERIVATION FOR A PURE SUBSTANCE 

The Ursell-Mayer expansion for the equation of state is written, 

Z =E Bn pn-i 

n = l  

, ( 2 )  

where Z is the compresslbillty factor, defined by Z = P~ 0-N | 0 the reclprocal 

volume, P the pressure, B = i/kT, and N the number of molecules in the system. 

The density expansion (2) for the compresslbillty factor is certalnly valid in 

the gas phase and can be considered to he an exact representation of the com- 

presslbility factor Z. The B in (2) are the vlrial coefficients and are we11- 
14 n 

known integrals, obtained from statistical mechanics, involving the inter- 

molecular interactions among 2,3,4, etc. molecules respectively. We now 

formally develop each of these vlrials about that for a hard sphere of some 

(as yet arbitrary) diameter via the identity 

3 h's" + B - B h's- 
Bn n n n ' (3) 

where B h's" is the n th 
n 

can rewrite eq. (2) 

vlrlal coefficient for the hard sphere. Using (3), we 

Z = ~ 3 h's" n-1 ~ _ Bh.s.) n_ 1 
n=l n P + (~n P (4) n= 1 n - ' 

_h.s. 
where, consistent with the formulation, ~i = B 1 - i. It should be noted that 

(4) is an identity and so does not Involve any new assumptions. (4) is there- 

fore still an exact representation for Z. The first sum on the rlght-hand side 

of Eq. (4) is the equation of state that would be obtained for a gas made up of 

identical hard sphere molecules. The hard-sphere Eas has been studied exten- 

slvely in computer "experiments" via molecular dynamlcs 15 and Monte Carlo 16 cal- 

14 
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culations and theoretlcally via the Percus-Yevlck approximation. The hard- 

sphere summation in (4) can therefore be considered to be known for any partic- 

ular sphere size. The task inherent in the evaluation of (4) is to obtain a 

simple representation for the perturbation terms, i.e. the second sum on the 

right of Eq. (4), and to obtain a proper hard sphere diameter to use in the 

first term. 

We now present an argument which shows that the perturbation terms, i.e. 

the second sum on the right-hand side of (4), converge rapidly above the gas- 

liquid critical temperature so that at such temperatures only the term linear in 

density needs to be considered. The prospect that this convergence might 

persist to somewhat lower temperatures is implied in work by Woolley 17. 

To i l l u s t r a t e  ou r  a r g u m e n t ,  i n  F i g .  1 we p l o t  a few o f  t h e  l ower  v i r i a l  

c o e f f i c i e n t s  f o r  t he  L e n n a r d - J o n e s  ( / 2 , 6 )  p a i r - p o t e n t i a l .  The r e d u c e d  v i r i a l s  

B2, B3, and B 4 with 

B * = Bn/[  2 ~r N o3] n - l ,  
n 

a r e  p l o t t e d  a g a i n s t  t h e  r e d u c e d  t e m p e r a t u r e  T* (Be) - 1 ,  = where o i s  t he  L e n n a r d -  

J o n e s  l e n g t h  p a r a m e t e r  and ¢ t he  w e l l  d e p t h .  At low t e m p e r a t u r e s  t he  c o n t r i b u -  

t i o n  f rom t h e  a t t r a c t i v e  p a r t  o f  t h e  p o t e n t i a l  ( r e g i o n s  o f  n e g a t i v e  e n e r g y )  i s  

i m p o r t a n t  and t h e  l o w e r  v i r i a l s  t end  to  l a r g e  n e g a t i v e  v a l u e s .  At t h e  h i g h e r  

t e m p e r a t u r e s ,  t h e  r e p u l s i v e  p a r t  o f  t he  p o t e n t i a l  ( r e g i o n s  o f  p o s i t i v e  e n e r g y )  

t e n d s  to  y i e l d  t he  dominant  c o n t r i b u t i o n  and t h e  v i r i a l s  become p o s i t i v e .  Thus ,  

in  F i g .  1 we see  t h a t  B 2 m o n o t o n i c a l l y  i n c r e a s e s ,  w i t h  d e c r e a s i n g  s l o p e ,  f rom 

l a r g e  n e g a t i v e  v a l u e s  to  p o s i t i v e  o n e s ,  f i n a l l y  p a s s i n g  t h r o u g h  a maximum. I t  

i s  a p p a r e n t  t h a t  as  t he  t e m p e r a t u r e  i n c r e a s e s ,  t he  c o n t r i b u t i o n  o f  a t t r a c t i o n  

d e c r e a s e s  r e l a t i v e  to  t h a t  o f  r e p u l s i o n ,  even  though the  c o n t r i b u t i o n  o f  

r e p u l s i o n  i s  i t s e l f  s l o w l y  d e c r e a s i n g  w i t h  i n c r e a s i n g  t e m p e r a t u r e .  We s u g g e s t  

t h a t  a t  some t e m p e r a t u r e ,  n o t  much beyond t h e  t e m p e r a t u r e  where  B 2 a c h i e v e s  i t s  

maximum, t h e  c o n t r i b u t i o n  o f  a t t r a c t i o n  to  B 2 i s  r e l a t i v e l y  s m a l l .  T h i s  o c c u r s  

a t  a r e d u c e d  t e m p e r a t u r e  somewhat above  T - 30. Thus i f  t h e  h a r d - s p h e r e  

c o n t r i b u t i o n  i s  chosen  a p p r o p r i a t e l y ,  we would e x p e c t  t h a t  t h e  p e r t u r b a t i o n  

15 
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terms linear in density would be quite small at temperatures somewhat above 

T = 30. Likewise we expect that for the third, fourth, etc. vlrlals the 

contribution of attraction becomes relatively small at temperatures starting 

somewhat above the temperatures for which these vlrlal coefficients achieve 

their (initial) maxima. The maximum for the third vlrlal coefficient occurs at 

about T = 1.25 corresponding to a temperature near the liquld-vapor critical 

point for simple substances. The temperature at which the fourth vlrlal 

coefficient would achieve its maximum is also in this neighborhood. (This is 

also true for the fifth virlal coefficient not shown in the flgurelg).we invoke 

a corresponding states argument and assume that the disappearance of attractive 

contributions to the third and higher vlrlal coefficients above the critical 

temperature should be a general property of any simple gas. Thus, we. suggest 

that at temperatures somewhat above the critical temperature the second vlrlal 

coefficient includes all of the major effects due to molecular attractions, and 

that the higher vlrlal coefficients are primarily determined by the repulsive 

interaction. For each substance, at any given temperature, we therefore repre- 

sent the repulsion between the molecules by that in a gas made up of identical 

hard spheres whose diameter is somehow chosen so as to be appropriate to that 

substance at that temperature. We then use this hard sphere gas to represent 

the total contribution of each of the virlals above the second at that tempera- 

ture. This certainly should be a good model at the temperatures of interest in 

o u r  work .  

~FL~ 

Based on the  p r e c e d i n g  a r g u m e n t s ,  f o r  t e m p e r a t u r e s  o f  i n t e r e s t  h e r e ,  t h e  

s econd  sum in  t h e  e q u a t i o n  o f  s t a t e ,  Eq. ( 4 ) ,  can be  t r u n c a t e d  a f t e r  t h e  t e r m  

l i n e a r  in  t h e  a t t r a c t i v e  c o n t r i b u t i o n .  The h a r d  s p h e r e  p a r t ,  on t h e  o t h e r  hand ,  

c o n t a i n s  c o n t r i b u t i o n s  t o  a l l  o r d e r s  o f  t h e  d e n s i t y .  To r e p r e s e n t  t h i s  h a r d  

s p h e r e  p a r t ,  we employ the  r e s u l t s  o f  t h e  P e r c u s - Y e v i c k  t h e o r y  11 u s i n g  t h e  

compressibility form for the equation of state. This is a good approximation 

a t  low d e n s i t i e s ,  and i s  in  e r r o r  by ,  a t  m o s t ,  5% a t  d e n s i t i e s  a p p r o a c h i n g  2 / 3  

c l o s e  p a c k i n g  o f  ha rd  s p h e r e s ,  a d e n s i t y  w e l l  beyond t h o s e  o f  i n t e r e s t  h e r e .  

The e q u a t i o n  of  s t a t e  i s  w r i t t e n ,  t h e r e f o r e ,  

B 2 
z -- -I+Y+J-2 + 4y (W - i) (5) 

(l-y) 3 

16 
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where 4y = bo, and b is the hard sphere second vlrlal coefficient, 

2 3 
b = . ~ . ~  N a (6) 

a being the temperature dependent hard sphere diameter. For a given temperature 

Eq. (5) is a two constant equation of state, these constants being the hard 

sphere diameter a and the well depth associated with the representation of B 2. 

An important feature to be used below is that the equation (5) Is easily inte- 

grable in closed form to yleld a free energy. 

As already mentioned, to evaluate the two equation of state parameters for 

a particular gas at each temperature we shall employ the numerical values, for 

that gas, of the second vlrlal coefficient and its first temperature derivative. 

To bring out the connection between these two parameters and the molecular 

diameter and the intermolecular well depth, we introduce an effective inter- 

molecular interaction that has the general features of a typical pair potential, 

except that it is specifically characterized by a hard sphere cut-off at some 

diameter a(T) at which point It is Joined to an attractive bowl of well depth 

¢(T)(Note that we have explicitly indicated the temperature dependence of these 

quantities.) The purpose of thls effective function is to provide a means for 

transforming the repulsive and attractive parts of the "actual" potential of 

the gas into an explicit hard sphere diameter and a well depth. Typical 

functions of thls kind are shown in Fig. 2. 

A simple numerical method has been developed for the determination of the 

parameters a and'E at each temperature. The method starts with tables of 

reduced second vlrlal coefficients B* * dB* and their first derivative T -- for 
dT* 

the effective potential function (l.e. the function with the hard sphere cut- 

off). At any given temperature, these reduced quantities are required to yield 

the values associated with the experimental system being described. Thus the 

conditions on these reduced quantities are, 

B (T) = b B ( k T l e )  (7)  
exp 

17 
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and dBexpCT) * dB* (kTIE) 
T dT - b T ---~ (8) 

dT 

where  T i s  t h e  t e m p e r a t u r e  o f  i n t e r e s t .  On t h e  r i g h t - h a n d  s i d e ,  we have  
, 

indicated the dependence on T by kT/a to emphasize the fact that ¢/k is an 

unknown quantity. The right-hand sides in (71 and (8) are the reduced quanti- 

ties as calculated for the effective potential function (i.e. the potential with 

the hard core). It should be noted that the right hand side of equation (8) contains 
da 

the implicit assumptions that ~ and d¢/dT can be neglected in the calculatlon of 

a and c. On divldlng Eq. (8) by Eq. (7), there results 

dB * , 
~ T .  dB* Q 

n dT = --* ~ ° (9) 
exp B dT 

I t  i s  a s i m p l e  m a t t e r  t o  p r o d u c e  a t a b l e  o f  v a l u e s  f o r  t h e  q u a n t i t y  Q* , a s  a 

function of T for the effective potential function. By way of illustratlon Q* 

values are listed in Table 1 for a particular effective potential. The same 

quantity (i.e. the left hand side of (9)) is then calculated from experlmental 

data as a function of T. (9) is then solved for ¢/k at a given experimental 

temperature T. This is done by starting wlth the experimental value of Q* at 

that,value of T, and, by interpolation, finding that value of Q* and the value 

of T associated with it in the table of values calculated for the effective 

potential, a/k is then calculated at that temperature from the relation 

e l k  = T/T* 

This  p r o c e d u r e  g u a r a n t e e s  t h a t  Eq. (9) i s  a u t o m a t i c a l l y  s a t i s f i e d  a t  t h e  chosen  

e x p e r i m e n t a l  v a l u e  o f  T. Th i s  ¢ /k  v a l u e  i s  t hen  used  in  (7) t o  o b t a i n  b and 
3 

t h e r e f o r e  a . By c a r r y i n g  out  t h i s  p r o c e d u r e  a t  each  t e m p e r a t u r e ,  a (T)  and ¢(T) 

a r e  d e t e r m i n e d  f o r  a l l  e x p e r i m e n t a l  p o i n t s .  The e q u a t i o n  o f  s t a t e  i s  t hen  c a l -  

c u l a t e d  a t  each  t e m p e r a t u r e  T u s i n g  b(T)  and B; (T*) i n  e q u a t i o n  (51.  (The use  

o f  B 2 (T*) i s  e q u i v a l e n t  to  the  use  o f  c ( T ) ) .  

18 
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One o f  t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  the  above  p r o c e d u r e  i n v o l v e s  t h e  

c a l c u l a t i o n  o f  dB/dT f rom e x p e r i m e n t a l  d a t a  which  a r e  g e n e r a l l y  n o t  smooth  and 

not presented at convenient temperature intervals. A reasonable way to do this 

is first to fit the experimental B(T) data to a realistic (i.e. one which contains ~= 

a dependence on r for small r) potential function (as opposed to the effective 

potentlal which has a hard core cut-off for small r) and to calculate smooth tables 

of Bex p and~values using that function. 

The p r o c e d u r e  o u t l i n e d  f o r  s o l v i n g  Eq. (9) does  n o t  work f o r  t h o s e  t emp-  

e r a t u r e  a t  which  dBexp/dT < 0.  Because  t h e  e f f e c t i v e  p o t e n t i a l  ha s  a h a r d  c o r e  

r e p u l s i o n ,  i t s  second  v i r i a l  c o e f f i c i e n t  does  n o t  have  a r e g i o n  o f  n e g a t i v e  
, 

s l o p e  and s o l u t i o n  o f  (9) becomes i m p o s s i b l e  s i n c e  t h e  n e g a t i v e  v a l u e  o f  Q 

associated with the experimental system is being sought in the table for the 

effective potential which contains only positive values. Under such conditions, 

we have proceeded by neglecting the attractive contribution by setting B equal 

to unity in (7). This leads to a negligible discontinuity in b(T) but in a non- 

negligible one in its temperature derivative. 

C. COMPARISONS WITH EXPERIMENTAL DATA AND OTHER THEORIES 

1. S e n s i t i v i t y  to  t h e  s e l e c t i o n  o f  t he  a t t r a c t i v e  p a r t  o f  the  e f f e c t i v e  

potential. 

I t  s h o u l d  be  o b v i o u s  t h a t  t h e  e f f e c t i v e  p o t e n t i a l  p l a y s  no f u n d a m e n t a l  r o l e  

i n  t h e  HS t h e o r y  bu t  i s  used  o n l y  f o r  c o m p u t a t i o n a l  c o n v e n i e n c e ,  b e i n g  u s e d  to  

e x t r a c t  an e f f e c t i v e  h a r d  s p h e r e  d i a m e t e r  f rom the  second  v i r i a l  c o e f f i c i e n t .  

I t  c l e a r l y  s h o u l d  n o t  be  a l l o w e d  to  i n t r o d u c e  any o f  i t s  own c h a r a c t e r  i n t o  t h e  

c a l c u l a t i o n .  Fo r  t h i s  r e a s o n ,  we s h a l l  p r e c e d e  a d e t a i l e d  c o m p a r i s o n  w i t h  

e x p e r i m e n t ,  by an e x a m i n a t i o n  o f  t he  s e n s i t i v i t y  of  o u r  method to  any p a r t i c u l a r  

c h o i c e  f o r  t h e  shape  o f  t he  bowl used  i n  t he  e f f e c t i v e  p o t e n t i a l .  I n  F i g .  3 a 

p l o t  o f  t h e  s p h e r e  d i a m e t e r  a (T)  v s .  T i s  shown f o r  t he  two e f f e c t i v e  p o t e n t i a l  

f u n c t i o n s  c o r r e s p o n d i n g  t o  m=9 and m=10. As e x p e c t e d  f rom the  b e h a v i o r  o f  a 

t y p i c a l  i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n  a t  s m a l l  s e p a r a t i o n ,  t h e  e f f e c t i v e  

s p h e r e  d i a m e t e r  i s  a m o n o t o n i c a l l y  d e c r e a s i n g  f u n c t i o n  of  t he  t e m p e r a t u r e .  The 

s c a l e  o f  t he  a b s c i s s a  i s  n o r m a l i z e d  so t h a t  a (T)  = 1 f o r  t h e  e f f e c t i v e  p o t e n t i a l  

f u n c t i o n  g i v e n  by m=12. The p a r a m e t e r s  a and ¢ were  c a l c u l a t e d  f rom e q u a t i o n s  

(7) and (9) f o r  e a c h  o f  t h e s e  e f f e c t i v e  p o t e n t i a l s  u s i n g  v a l u e s  f o r  B 2 and dB2/dT 
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calculated with a Lennard-Jones (12,6) potential in place of experimental data. 

The choice of a particular effective potential function, that is, the choice for 

the shape of the potential bowl in Figure 2, is far from unique, for, in 

addition to the dependence on m, the bowl shape could be affected by adjusting 

the exponent in the attractive term. 

At a reduced temperature T = 3.0, a(T), and hence the equation of state, 

was found to be relatively insensitive to m, that is, to the shape of the bowl 

appended to the hard sphere core. At higher temperatures, the sphere diameter 

becomes completely independent of m. In such a case, the procedure used for the 

evaluation of the sphere size can be further simplified, as will be discussed 

below. On the other hand, as the temperature is reduced, the hard-sphere size 

tends to become increasingly sensitive to m. This results in a useful procedure 

for determining an optimum value for m for a given substance. This consists of 

comparing experimental PVT data with those predicted by the HS equation at a 

low temperature for effective potentials characterized by several values of m 

until a best fit is obtained. Because of the insensitivity to m already 

descrlbed, the value of m chosen can obviously be used at higher temperatures. 

The method has thus been modified to produce a good low temperature fit. Hear 

and Shenker used an isotherm near 3/2 times the critical temperature for the low 

temperature fitting. 

We include, in the next section, a comparison of the predictions of the HS 

equation with other theories and with experimental data for argon and nitrogen. 

It is easily determined that mu9 and ~i0, respectively, are reasonable values 

of m for these fluids. Since the sensitivity of the equation of state 

properties to m is weak except at low temperatures, m=9 can also be taken for 

nitrogen when the temperatures of interest do not extend much below twice the 

critical. 

2. Relationship to other fundamental equations of state. 

I t  i s  u s e f u l  t o  compare  t h e  HS e q u a t i o n  w i t h  e q u a t i o n s  o f  s t a t e  which  have  

t h e  a p p e a r a n c e  o f  b e i n g  more f u n d a m e n t a l l y  b a s e d .  The l a t t e r  a r e  i n v a r i a b l y  

much more c o m p l i c a t e d  t han  i s  t h e  HS e q u a t i o n  so would have  t o  p r o d u c e  f a r  

s u p e r i o r  r e s u l t s  t o  i t  t o  w a r r a n t  t h e i r  c h o i c e  o v e r  i t .  In  t h i s  c o m p a r i s o n ,  
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we shall include an example of an integral equation (the Percus-Yevick) as well 

as the perturbation theory approach of Barker and Henderson. Although the latter 

is developed totally within the language of statistical mechanics, it is not 

unrelated to the Haar-Shenker approach which has been described with an emphasis 

on phenomenologlcal language. 

A m a j o r  o b j e c t i v e  o f  s t a t i s t i c a l  m e c h a n i c s  i s  t o  p r e d i c t  t h e  p r o p e r t i e s  f o r  

r e a l  f l u i d s  a t  h l g h  d e n s i t i e s  f rom the  known p r o p e r t i e s  o f  t he  d i l u t e  g a s .  To 

a c c o m p l i s h  t h i s ,  i t  i s  u s u a l  p r a c t i c e  t o  r e d u c e  e x a c t  t h e o r i e s  ( such  as  t h a t  

a s s o c i a t e d  w l t h  Eq. (2 ) )  t o  t h e o r i e s  in  which  i n t e r a c t i o n s  among s e v e r a l  

p a r t i c l e s  a r e  p a l r w l s e  a d d i t i v e .  The p r o p e r t i e s  o f  t h e  dense  f l u i d  can t h e n  be  

formulated in terms of the detailed structure of the potential functions which 

describe the forces between pairs of particles. Considerable progress has been 

realized using this approach. Relevant to our work are the expansions in 

density based on Percus-Yevlck (PY) theory and expansions in reclprocal temper- 

ature using the Zwanzlg theory 19 as modified by Barker and Henderson 20 (ZBH). 

These have been tried for several potential models including the hard and soft 

spheres, the square well, and the Lennard-Jones potential. The ZBH temperature 

perturbation theory appears to be the more successful when compared to results 

of computer experiments, particularly at liquid temperatures but also for gases 

at high densities and at hlgh temperatures. 

Though t h e  ZBH theory I s  a p h y s l c a l l y  s a t i s f y i n g  a p p r o a c h  and does  compare  

w e l l  ( e x c e p t  a t  low l i q u i d  t e m p e r a t u r e s )  w i t h  r e s u l t s  o f  " c o m p u t e r  e x p e r i m e n t s " ,  

we n o t e  s e v e r a l  p r a c t i c a l  l i m i t a t i o n s .  The most  s e r i o u s  o f  t h e s e  i s  a s s o c i a t e d  

w i t h  the  a p p l i c a t i o n  o f  t he  t h e o r y  to  r e a l  f l u i d s .  In  t he  ZBH t h e o r y  the  

p e r t u r b a t i o n  t e r m s  a r e  o b t a i n e d  as  an e x p a n s i o n  a b o u t  t he  h a r d  s p h e r e .  B a r k e r  

and Henderson  have  shown 20 t h a t  t he  t h e o r y  can y i e l d  q u a n t i t a t i v e  r e s u l t s  when 

the  s p h e r e  d i a m e t e r  i s  e x p r e s s e d  i n  t e rms  of  a k i n d  of  Bol tzmenn a v e r a g e  o f  t h e  

m o l e c u l a r  s e p a r a t i o n ,  where  the  a v e r a g e  i s  t a k e n  o v e r  t he  p o s i t i v e  e n e r g y  r e g i o n  

o f  t he  p a i r  p o t e n t i a l .  Sphere  s i z e s  c a l c u l a t e d  in  t h i s  way a r e  a l s o  c o n t a i n e d  

in  F i g u r e  3. I t  i s  a f a c t ,  however ,  t h a t  t he  shape  o f  t he  p a i r  p o t e n t i a l  even  

f o r  s i m p l e  s y s t e m s  i s  q u i t e  u n c e r t a i n .  In  t h i s  c o n n e c t i o n  i t  ha s  been  p r o v e n  21 

t h a t  f o r  r e a l i s t i c  (non-monotone)  p o t e n t i a l s  i t  i s  n o t  p o s s i b l e  to  o b t a i n  an 

unambiguous r e p r e s e n t a t i o n  of  t he  p a i r  p o t e n t i a l  f rom second  v i r t a l  c o e f f i c i e n t s .  

Also at hlgh densities the sphere volume tends to affect the equation of state 
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properties somewhat like an excluded volume, so that ambiguities in the sphere 

diameter are amplified in their effect on the equation of state at high 

densities. We shall present an example of this below. Thus, though the ZBH 

theory is theoretically satisfying, its application would seem to be limited to 

situations where the pair potential is known, as is the case for "computer 

experiments". The fact that the use of this equation of state to produce thermo- 

dynamic tables requires a complicated numerical integration poses a second 

limitation to the ZBH approach. Because of this, results have so far been 

obtained as a theoretical end in themselves and are therefore of somewhat 

limited utility to the engineer or scientist who desires a sim_~ analytic 

representation of the equation of state as a predictive tool. 

It should be appreciated that the hard-sphere diameters are only conve- 

nient artifices. Physical interpretation is meaningful only in the context of 

the particular overall theory. However, since the ZBH and the present theory 

are quite sensitive to the hard-sphere diameter, agreement between them at 

least to within several percent for a(T) would be necessary for the two 

approaches to yield comparable equation of state properties at high densities. 

. Comparisons of the HS equation of state with experlment and with other 

theories. 

In this section the HS equation of state is used to calculate compress- 

ibility factors for the real fluids argon and molecular nitrogen. The results 

are compared with PVT experimental data, and, in the case of argon, with 

results of "computer experiments" and with ZBH theory. The experimental second 

vlrlal coefficients used as input data to obtain the required parameters are 

smoothed values calculated from model pair potentials as determined from the 

experimental second vlrlals. 

The Figs. 4-8 contain isotherms calculated for argon using the HS 

equation of state and the ZBH theory. The compressibility factor is plotted 

versus the reduced density, p = Nu3p, for isotherms from I19.8K (~.8 critical) 

to 673.15K. Curves labeled #i represent the compressibility factors predicted 

by the HS equation of state. The curves #2, #3 and #4 represent results of 

second order temperature perturbation ZBH theory, for a Lennard-Jones gas with 
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p a r a m e t e r s  ¢ / k  = 119.8K and o - 3 .405 ~ as  r e p o r t e d  i n  r e f e r e n c e s  22,  23 and 24, 

r e s p e c t i v e l y :  t he  c u r v e s  #2 and #4 a r e  o b t a i n e d  by n u m e r i c a l  i n t e g r a t i o n  o f  

a p p r o x i m a t e  e x p r e s s i o n s  f o r  the  p e r t u r b a t i o n  t e r m s  and a r e  e s s e n t i a l l y  e q u i v a -  

l e n t  t r e a t m e n t s ;  t he  c u r v e s  #3 r e f e r  t o  an " e x a c t "  c a l c u l a t i o n  o f  t h e  second  

o r d e r  p e r t u r b a t i o n  t e r m s  v i a  Monte C a r l o  t e c h n i q u e s .  The c u r v e s  #5 r e p r e s e n t  

e x p e r i m e n t a l  c o m p r e s s i b i l i t y  f a c t o r s  measured  f o r  a r g o n .  The d a t a  p o i n t s  on 

F i g s .  4,  5 and 6 a r e  r e s u l t s  o f  " c o m p u t e r  e x p e r i m e n t s "  f o r  t h e  L e n n a r d - J o n e s  

gas  w i t h  t h e  above  p a r a m e t e r s ,  t h e  c i r c l e d  p o i n t s  r e f e r r i n g  t o  Monte C a r l o  

r e s u l t s  and t h e  boxed  p o i n t s  t o  m o l e c u l a r  dynamics  r e s u l t s .  T h e  " c o m p u t e r  

e x p e r i m e n t s "  cou ld  be  u n c e r t a i n  by  5 to  IOZ. 

Since use of the Lennard-Jones potential with the above parameters does not 

produce second vlrlal coefficients which fit the data for argon below 200K 25, 

Figs. 4-6 are interesting primarily as comparisons of theory with the results of 

the "computer experiments." These figures show that the present theory, as well 

as the ZBH theory, are only qualitative at these temperatures. However, the 

ZBH curves #3 yield a somewhat closer approximation to the results of "computer 

experiments" for liquid densities. As previously stated, the Haar-Shenker 

equation of state tends to degrade at low temperatures. But it is apparent from 

Fig. 4 that the theory is still at least qualitatively good at temperatures 

even as low as .8 of the critical temperature. In fact it is only for curves #3 

(which involve extensive numerical calculations to evaluate the second order 

perturbation terms) that the temperature perturbation results are a significant 

improvement over the HS equation of state. 

An explanation for the fact that the '~rong" potential gives the correct 

results in the ZBH theory for argon has been offered by Barker, Henderson end 
26 

Smith. They argue, that the (12,6) palr-potentlal with the above parameters 

happens to be an "effective potential" that, to first order for argon, accounts 

for high density non-addltlve effects. 

The Figs. 6-8 include the temperature region for which the pair potential 

used produces a good fit to the experimental second vlrlal data. Comparisons 

of our results with experimental PVT measurements for these temperatures are 

therefore more meaningful. The HS equation of state (curves #1) tends to follow 

the PVT experimental data (curves #5) fairly closely at the lower densities, up 
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to about p* = 0.6 (which is approximately twice the critical density). At 

higher densities it tends to yield values that are low, but in most cases only 

by less then 5%. The results are roughly comparable to those for the more 

complicated ZBH theory. The ZBH theory (curves #2, #3, #4,), however, tends to 

underestimate at densities near the critical end to overestimate at high 

densities. The results of the "computer experiments" seem to scatter among the 

various theories. Thus, in Fig. 6. at p* = .75, the Monte Carlo results tend 

to favor the HS theory, at p = .9, they favor the ZBH; while at p* ~ 0.55 they 

fall between the results of the two theories, in fact, almost on the PVT 

experlmental curve #5. 

We h a v e  s t a t e d  above  t h a t  u n c e r t a i n t i e s  i n  t h e  p a i r  p o t e n t i a l  f o r  r e a l  

f l u i d s  l i m i t  t h e  u t i l i t y  o f  t he  ZBH t h e o r y  as  a t o o l  f o r  p r e d i c t i n g  t h e  e q u a t i o n  

o f  s t a t e  p r o p e r t i e s  f o r  such  f l u i d s .  To i l l u s t r a t e  t h i s  we compare  t he  e q u a t i o n  

o f  s t a t e  o f  a r g o n  f o r  a p a r t i c u l a r  i s o t h e r m  w i t h  t he  ZBH and HS t h e o r i e s ,  i n  

which  d i f f e r e n t  i n v e r s e  power  r e p r e s e n t a t i o n s  f o r  t h e  p a i r  p o t e n t i a l  a r e  u s e d ,  

e a c h  o f  which  p r o d u c e s  an e q u i v a l e n t  f i t  t o  t h e  e x p e r i m e n t a l  s econd  v i r i a l s . 2 1 I n  

Figs. I0 end ii equation of state results are presented for two representations 

for the pair potential for argon: the (18,6) with the parameters 25 

c/k = 160.87 K 

o ffi 3.261 ~ . 

as  c u r v e s  #1; t h e  (12 ,6 )  w i t h  p a r a m e t e r s  g i v e n  e a r l i e r ,  c u r v e s  #2. F i g .  10 

i n c l u d e s  t h e  r e s u l t s  f o r  t h e  ZBH t h e o r y ;  F i g . l l  t h o s e  o f  t he  HS e q u a t i o n .  Both 

figures refer to the isotherm239.8K. In these figures the compressibility 

factor is plotted against the density in amagats. All the numerical data for 

Fig. 10 were furnished by Toxvaerd. 23 The results for Fig.10 show the two curves 

near coincidence up to a density about 2/3 the critical (critical density for 

argon ~ 300 amagats) but sharply divergent at higher densities. By comparison, 

the results for the HS theory in Fig. ll are relatively potential independent. 

The reason for this independence is obvious. The HS equation depends only on 

the experimental second vlrlal coefficient and its first derivative. Since the 

same values for the second vlrial coefficient are obtained for either potential 

for a range of temperatures near this one (T12,6 ffi 2.0), the calculated second 
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virials and their first derivatives are equivalent. Since the details of the 

repulsive branches of the potentials are different, however, the calculation of 

the hard sphere diameter according to the prescription of Barker and Henderson 

yields different results for the two potentials. This difference, in turn, 

produces a difference in the equation of state predicted. 

Finally, in Figs. 12-15 we present results of using the HS theory for calculat- 

ing the equation of state of molecular nitrogen. The compressibility factor is 

plotted versus the fluid density in amagat units. Here, the experimental 

second virial coefficients were represented by smoothed tables calculated using 

the Lennard-Jones pair potential with parameters ~/k = 95.781K, and o = 3.712 ~. 

The curves #i refer to the present theory; the curves #2 to experimental PVT 

measurements. The latter extend to i0,000 atln in Fig. 15. The sphere diameters 

are obtained from Fig. 3 with m-10. The comparison of theory with experiment 

for nitrogen is quite similar to that for argon. As with argon, the HS theory 

is in good agreement with experiment at low densities, but at the higher 

densities the experimental PVT isotherms tend to be slightly steeper. 

4.  S , , -~a ry .  

Based on t h e  v i r i a l  e x p a n s i o n  and on t h e  b e h a v i o r  o f  t h e  v i r i a l  c o e f f i c i e n t s  

a t  h i g h  t e m p e r a t u r e ,  Hea r  and Shenker  d e r i v e d  a q u a n t i t a t i v e  y e t  s i m p l e  e q u a t i o n  

o f  s t a t e  which i s  v a l i d  f o r  r e a l  f l u i d s  o v e r  a d e n s i t y  r a n g e  f rom t h e  d i l u t e  

gas  to  d e n s i t i e s  a p p r o a c h i n g  t h a t  o f  t he  s o l i d  a t  t e m p e r a t u r e s  above  t w i c e  

critical, and which requires only a knowledge of the second virial coefficient 

and i t s  f i r s t  d e r i v a t i v e  a t  e a c h  t e m p e r a t u r e .  Th i s  e q u a t i o n  o f  s t a t e  i s  much 

s i m p l e r  t h a n  the  ZBH t e m p e r a t u r e  p e r t u r b a t i o n  t h e o r y  and f u r t h e r m o r e  does  n o t  

r e q u i r e  r e f e r e n c e  to  t h e  p r e c i s e  d e t a i l s  o f  t h e  p a i r  p o t e n t i a l s .  The e q u a t i o n  

p r o v e d  to  be  q u i t e  s u c c e s s f u l  in  c o m p a r i s o n s  w i t h  e x p e r i m e n t a l  d a t a .  These  

c o m p a r i s o n s  were  n a t u r a l l y  c a r r i e d  ou t  f o r  o r d i n a r y  t e m p e r a t u r e s  s i n c e  e x p e r i -  

m e n t a l  d a t a  e x i s t  o n l y  f o r  such  t e m p e r a t u r e s .  F i g u r e s  2 and 3 c o n t a i n  such  

c o m p a r i s o n s  f o r  a r g o n  and n i t r o g e n .  

Through t h e  use  o f  t he  i n t e r m o l e c u l a r  p o t e n t i a l  f u n c t i o n ,  t h e  HS e q u a t i o n  

o f  s l a t e  can  be  used ,  i n  a v e r y  s i m p l e  and s t r a i g h t f o r w a r d  manner ,  t o  e x t r a -  

p o l a t e  PVT d a t a  in  b o t h  the  t e m p e r a t u r e  and d e n s i t y  d i r e c t i o n s .  Thus,  t h e  i n t e r -  
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molecularpotentlal is used to extrapolate the second vlrlal coefficient as a 

function of temperature and this, in turn, is used with the HS equation to cover 

all fluid densities. This approach is therefore particularly well suited for 

aerodynamic calculations since, as already mentioned, these require temperature 

extrapolations of up to a factor of ten for densities up to those which, at low 

temperatures, correspond to the liquid. Because of the decrease in the attrac- 

tive contribution to the second vlrlal coefficient with temperature, this 

equation of state should improve with increasing temperature. As a result, the 

comparisons made at ordinary temperatures should easily be sufficient for 

estimating the expected adequacy of the theory at high temperatures. Since this 

equation of state depends only on the second vlrlal coefficient which, in turn, 

is determined once the intermolecular potential is known, it becomes possible 

to develop an entire PVT surface given this Intermolecular potential function, 

or equlvalently, given a sufficient ~enerally small) amount of low density PVT 

data for the substance at ordinary temperatures, from which data the inter- 

molecular potential can be obtained. 

The derivation of the equation of state is based on an expansion in 

density, where the reference state is a gas of hard spheres. We have presented 

a plausibility argument which indicates that, when the sphere diameter is chosen 

appropriately, the terms that account for the differences between the properties 

of the actual fluld end those calculated for a fluld of hard spheres are sharply 

attenuated at temperatures above the llquld-vapor critical temperature, for 

densities up to that of the solid. 

I t  has  been shown t h a t  the  t e m p e r a t u r e  dependence  o f  the  e q u a t i o n  o f  s t a t e  

a t  t e m p e r a t u r e s  above t he  c r i t i c a l  i s  de t e rmined  by two p a r a m e t e r s  which depend 

on t e m p e r a t u r e  and t h a t  t h e s e  p a r a m e t e r s  can he o b t a i n e d  from the  second  v i r i a l  

coefficient and its first temperature derivative. 

III. THE EXTENSION OF THE HAAR-SHENKER EQUATION OF STATE TO MIXTURES 

Hear and Shenker  deve loped  t h e i r  e q u a t i o n  o f  s t a t e  f o r  use  w i t h  pure  s u b -  

s t a n c e s .  Our needs  a r e ,  o f  c o u r s e ,  f o r  a t h e o r y  a p p l i c a b l e  to  m i x t u r e s  s i n c e  

at aerodynamic temperatures even pure nitrogen becomes a mixture as a result of 

dissociation and ionization. There are several ways in whlch a theory for pure 
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fluids can be extended to mixtures. Perhaps the simplest are what have been 

called the one and two fluid van der Weals' theories. In the one fluid model 

the mixture behaves as if it were a single component fluid (which can be called 

the equivalent fluid) with any parameters used to describe the fluid being 

averaged over the composition. Th/s averaging is carried out by taking the 

parameters associated with the individual constituents and suitably weighting 

them to the extent that the constituents are present in the fluid. For example, 

a fluid made up of a mixture of hard spheres would be described as a one fluid 

van der Weals' model by the equations associated with a single component hard 

sphere fluid but with the single relevant parameter (that associated with the 

molecular diameter) averaged over the composition. A natural way of doing this 

is to take for the hard sphere volume 

°eq3 x IXjo j 
i,J 

where °eq is the diameter of the molecules of the equivalent fluid and oij 

the diameter for the interaction between a molecule of the i th species and one 
. 1 of the jth species in the actual fluid. For herd spheres °iJ 2 (ul + uj). 

The equation of state for this mixture is easily derived. From the virial 

theoremp it is possible to derive a general equation of state for a fluid in 

terms of the distribution of pairs of particles in the fluld. 28 Because of the 

abruptness of the herd sphere interaction, this equation, for a one component 

hard sphere fluid, reduces to 

PV 2~ R'~' = 1 + - ~ -  po s g(o)  (lO) 

where g(o) is the probability that a pair of molecules will be found a distance 

o apart. For a mixture of such spheres, the equation of state becomes 

= i + p x i xj o13_I glj (°lj) 
i,J 

(ii) 
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where giJ (°iJ) is the probability that a pair of molecules, one of the i th 
th 

spec ies  and one of  the  J s p e c i e s ,  a re  separa ted  by a d i s t ance  o i j .  In the one 

f l u i d  model, then,  (11) i s  rep laced  by ( i0)  in which 

gij (°lJ) = g (o) 

and (12) 
°s = Z Xi Xj o~j 

i , J  

This model is consistent with the results of the density expansion in the 

Ursell-Mayer vlrlal equation of state. 

A number of models other than (12) can be devised for using (10) in place 

of (11) for a mixture. Each of these, though reasonable, does not lead from 

(ii) to (I0) in a natural way. One might, for instance, average the diameter 

rather than the volume so that 

= 1 o = E Xi Xj olj E Xi oil s ince  olj ~ (oli + 
i,j i = ojj) 

One might also average the volumes over like species only, i.e. o 3 = Z X i o~ 
i i" 

We s h a l l  cons ide r  (12) as the  only  reasonable  model, p a r t i c u l a r l y  s ince  i t  i s  

the  only one t h a t  l eads  to r e s u l t s  which a re  s a t i s f a c t o r y .  

A two fluid theory can be obtained from the approximation 

l[g (oii) + (cjj)l giJ (°iJ) = 2 il gJJ 

1 (ai+ oj) If, at the same time, one uses the fact that, for hard spheres oij = 

(ii) becomes, for this model, 
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PV 
1 p E x i gii ( ° i#  (13) 

:L 

In order for this to be of the pure fluid form, it must be assumed that gil is 

the distribution function for a pure fluid of hard spheres of volume oi 3 given 

by 

Thus,  i f  t h i s  were a b i n a r y  s y s t e m ,  i t  would appea r  to  be made up of  two pure  

fluids of different diameters, namely o 2 - X 1 0131 + X 2 o~2 and 0 3. X 1 0231 + 
2 

X 2 023 2. Hence the name two fluid theory. 

A fluid of hard spheres is a highly idealized model for an actual fluld so 

might be thought to Be quite useless for testing theories of fluids. There are, 

however, properties for fluids of hard spheres as calculated by computer 

simulation methods. If such results obtained for hard sphere mixtures are taken 

as "experimental" data, it is then reasonable to compare them with (12) and (13) 

to see which is the better approximation to a mixture of hard spheres. This 

has been done by Henderson and Leonard 29 who found the one fluid theory to be, 

by far, the superior. 

I n  a l a t e r  p a p e r ,  t h e s e  same a u t h o r s  c a r r i e d  o u t  a s i m i l a r  compar i son  30 f o r  

a f l u i d  whose m o l e c u l e s  i n t e r a c t  i n  a c c o r d a n c e  w i t h  a L e n n a r d - J o n e s  (12 ,6)  

p o t e n t i a l  f u n c t i o n .  Such a p o t e n t i a l  c o n t a i n s  b o t h  a t t r a c t i o n  and r e p u l s i o n ,  

and i s  o f t e n  c h a r a c t e r i z e d  by a m o l e c u l a r  d i a m e t e r  and by a p o t e n t i a l  w e l l  d e p t h .  

The one fluid model now follows from ¢o -~ = T. X i Xj ¢i 'J  a31 '3 Comparisons were 

made f o r  an e q u i m o l a r  m i x t u r e  and the  one f l i ~ d  model was found t o  be s u p e r i o r ,  

p a r t i c u l a r l y  i n  the  p r e d i c t i o n  o f  the  exces s  f r e e  e n e r g y  and h e a t  o f  m ix ing .  

The i n t e r c o m p a r i s o n  f o r  the  e x c e s s  volume of  mix ing  was somewhat ambiguous ,  

h oweve r. 
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It would thus seem clear that the most reasonable way in which a theory for 

a pure fluid can be applied to that for a mixture is via a one fluld model. 

This we have chosen to do for the HS equation of state. This simplifies our 

task since we need only write down the pure fluid form of the equation of state 

which we have already derived and interpret the parameters in the form of the 

one fluid theory. 

By (5), the HS equation of state for a pure fluid is written 

~-~= - y 
(l-y) s 

(14) 

bp Then Eq (14) becomes an equation of state for a mixture where y = ~-- . 

according to the one fluid model, if 

b = ~ X i Xj bi j  (15) 
i ,J  

B = ~ x i xj i,J EiJ (16) 

It should be remembered that Eq. 

interactions included. 

(9) must be solved for blj for each of the 

IV. THERMODYNAMIC FUNCTIONS IN THE ONE FLUID HS MODEL 

In this section of the report we shall be concerned only with the real gas 

contributions to the various thermodynamic properties. The ideal gas contri- 

butlons and certain precautions required in their calculation are contained in 

reference (3). 

A. HELMHOLTZ FREE ENERGY, CHEMICAL POTENTIAL, AND ACTIVITY COEFFICIENTS. 

The combination of the equation of state (14) and the one fluid model, (15) 
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and (16), is sufficient for the calculation of the equation of state of a real 

gas mixture at high densities. With such an equation of state it then becomes 

possible to calculate the real gas part of the Helmholtz free energy from 

A - - / P d V  

from which the  chemical  p o t e n t i a l  can be c a l c u l a t e d  us ing  

~i = i T, O, nj  when ~j r e f e r s  to  a l l  n j ,  J ~ i .  

When the i d e a l  and r e a l  p a r t s  of  the  chemical  p o t e n t i a l  are  separa ted  i t  

becomes p o s s i b l e  to i d e n t i f y  the a c t i v i t y  c o e f f i c i e n t  fo r  each spec i e s .  By 

p rope r ly  combining the a c t i v i t y  c o e f f i c i e n t s  f o r  each spec ies  t ak ing  p a r t  in  a 

chemical r e a c t i o n ,  one can de f i ne  an e f f e c t i v e  a c t i v i t y  c o e f f i c i e n t  fo r  t h a t  

chemical  r e a c t i o n .  This e f f e c t i v e  a c t i v i t y  c o e f f i c i e n t  d i r e c t l y  modi f ies  the  

e q u i l i b r i , - ,  cons tan t  to  produce the e f f e c t  of  n o n - i d e a l i t y  on the  chemical  

r e a c t i o n .  To see how t h i s  goes, l e t  

= (o)  + A ~ i  ~i ;'i 

where ~i (°) i s  the  i d e a l  gas p a r t  of  the  chemical p o t e n t i a l  and A~ i the r e a l  

p a r t .  I t  fo l lows ,  then,  t h a t  the a c t i v i t y  c o e f f i c i e n t  ¥i  fo r  t h i s  spec ies  i s  

given by 

&U i 
"mYi 

The e f f e c t i v e  a c t i v i t y  c o e f f i c i e n t  fo r  spec ies  i in a chemical r e a c t i o n  wi th  

s t o i c h i o m e t r i c  c o e f f i c i e n t s  v i i  , i s  then given by 
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y~ " [~ Yj v t J ] / ~  i 

J 

which is equlvalent to 

7~ l = exp [(~. vlj A~j - AUi)/RT] 
J 

(17) 

We s h a l l  now proceed  to  t he  d e t a i l e d  c a l c u l a t i o n  o f  the  f r e e  ene rgy  and 

chemica l  p o t e n t i a l  f o r  the  HS e q u a t i o n  of  s t a t e .  

If at each volume the reference state for the free energy is taken as that 

of the ideal gas at that volume then 

V 
A(V) = A(®) -f PdV 

A (°)(v) =A(°)(®) _ fV p(O) dV 

= A (°) (-) it follows that But, since A (~) 

A(V) A(O)(v ) - fv p(o)) - - (P - dV 

Since  P nZRT and p(O) nRT = - - ~  - - - ~ - ,  where Z i s  the  c o m p r e s s i b i l i t y  f a c t o r  and n the  

t o t a l  number o f  moles ,  i t  f o l l o w s  t h a t  

f V  dV A(V) - A (°) (V) = - aRT (Z-I) -~ 

The real part of the chemical potential is then given by 
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(o) v 
dV 

---- n f(z-1)--V RT RT ~n i % 
The e v a l u a t i o n  o f  the  common i n t e g r a l  i s  o b v i o u s l y  n e c e s s a r y  to p r o g r e s s  in  the  

d e r i v a t i o n  o f  bo th  the  f r e e  ene rgy  and the  chemica l  p o t e n t i a l .  

According  to  the  HS t h e o r y ,  

' D  

c z - 1 )  - -  1 + 4 ~;- 1)  y 
(l-y) a 

= y ( y 2  2 y - ~ )  

( l -y)  a 

B 
+ (~ - i) 4y 

b dV d y  Thus S ince  y = Z V '  -V  = y " 

V bl4V 
f (Z-l) dV y2_ ...q. _ j" 2y+~ 

o (l-y) ~ 

b l 4 v  B 
dy - 4 f (~ - i )  dy = I 1 + 12 

In Ii, let l-y = x so that dy = -dx and 

= I-Y(I-X)2 -2(1-X)+4 

Ii ~i " X 3 
dX 

l-y 3 

. . f  + 
1 

t -Y d~X __3 (~ .y  
x = 2 [ - )2 - : t ]  

1 

+ ~n (l-y) 

Since ,  o b v i o u s l y ,  
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then 

B 
12 = - 4y(~ -i) 

V 
dV 3 ,1 )2 

f (Z-l) ~ = _ ~ [(~.y - l ]  + ~n ( l-y) - 4y -1) (18) 

so that 

A(V) - A (°) (V) 3n i 2 
-- RT " -~ [(~_y) -i] -n ~n (l-y) + 4ny(~- l) 

The non-ldeal contribution to the chemical potential is then given by 

% fv dV 8 fV(z_l)~ 
R-T" " - (Z-l) - V - n  ~n i 

The first term has already been evaluated. The second Is obtained by differ- 

entiating (18). Thus 

~n i (Z-l) --~ = 2 (l_y)3 l-y ~n i 4y ~n i 

At thls point use must be made of the one fluid model. Thus 

I2  nj  2 Y. n i nj  b i j l  
8y . I 8b = 1 ~ bij 

~n i 4v ~n i 4"V (~_ni)2 ~ n ~ 3 "  j 

] l 2 biJ 
=~Vn n -b 
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Also 

8 1 ;)B B ~b 
~n  (B/b) " b 8n i V~i 

% 
~B ~b 

Since, obviously, ~"I will have the same form as ~i but with B replacing b, 

we can i~medlately w r i t e  down 

2 nj  Bij  - ~  y- n j  b i j  

Combining a l l  r e s u l t s  ob ta lned  to  he re  y i e l d s  

RT 2 - b 

[~ nj sis z n~ blj ] 
2 B 

+ 4y ~ n - ~ n 

For simplicity we write thls as 

A~ i E n S bis  Z nj  Bij 

" ~o + ~i J nb + ~2 I nb 

where 
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r. 4] ~1 = 2Y L(I"~)3 +1~y - 

~t 2 ffi 8y 

Subs t i t u t i on  in  (17) then y i e l d s  

i " exp c~i Uo + n-'b £E n£ v i i  bj£ - bi£ 

-- Y. n~ vlj (Bj Bi£ / + n b  £ £- 

(19) 

where -~I = 4 Z vl -i is the nat decrease in the number of particles in the i th 
J 

reaction deflned earlier. With this expression for 71' it becomes possible to 

calculate the affect of the HS theory on the equilibrium composition of the 

mixture. 

B. ENTROPY, ENTHALPY AND GIBBS FREE ENERGY 

It is now possible to calculate all of the thermodynamic properties predict- 

ed for the HS model. The entropy follows from 

S = - @I*~.Ip 

so that the real gas part is given by 
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But 

~ " = -  = ZT, 

~__(e) 
+ 4ny ~T b p 

Nov 

and 

-~Z)p -~ ~b 
4 ~T 

B 
~ b 1 ~ B -  ~2 ~b ~ ( ) =  ~ ~ ~ 

so that = ~ "~ + -4 .Z + 

Thus 

RA'-SS = 3...nn2 I(1--~ ")2-1] B 
-n ~n (l-y) + 4 n y (~ -1) 

Bb ~B 
B - ~ a n d ~ a r e  e x p e c t e d  t o  be  q u i t e  s m a l l  b e c a u s e  o f  t h e  h i g h  t e m p e r a t u r e s  o f  

i n t e r e s t .  I t  i s  t h e r e f o r e  p o s s i b l e  t h a t  t h e  l a s t  two t e r m s  m i g h t  be  n e g l i g i b l e  

w i t h  r e s p e c t  t o  t h e  f i r s t  t h r e e .  Th i s  would need  t o  be  examined ,  however .  

Th i s  e x p r e s s i o n  f o r  t h e  e n t r o p y  and t h e  e a r l i e r  one f o r  t h e  e q u a t i o n  o f  

s t a t e  can be used  t o  c a l c u l a t e  t h e  e n t h a l p y  and Gibbs  f r e e  e n e r g y .  S p e c i f i c  
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heats can be calculated from these functlons either by numerical differentiation 

or by means of algebraic expressions which can be derived by differentiation of 

the above expressions 3. 

V. NUMERICAL METHODS 

% 
The p r i m a r y  s t e p  in  c a l c u l a t i n g  t h e  the rmodynamic  p r o p e r t i e s  c o n s i s t s  o f  

t h e  d e t e r m i n a t i o n  o f  t h e  e q u i l i b r i u m  c o m p o s i t i o n  o f  the  m i x t u r e .  T h i s  r e q u i r e s  

t h e  s o l u t i o n  o f  e q u a t i o n s  (1) s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  t h e  t o t a l  mass  o f  

e a c h  n u c l e a r  t y p e  be  c o n s e r v e d .  The e f f e c t i v e  a c t i v i t y  c o e f f i c i e n t s ,  Y i ' '  a r e  

g i v e n  by e q u a t i o n  (19) f o r  the  c o n t r i b u t i o n  o f  t he  HS model  t o  t he  e q u i l i b r i u m  

c o n s t a n t  and in  a p p e n d i x  B o f  r e f e r e n c e  (3) f o r  t h a t  o f  t h e  Debye-HUckel  t h e o r y  

o f  i o n i c  s o l u t i o n s .  The re  a r e  two l o w e r  l e v e l  a p p r o x i m a t i o n s  to  t h e  HS model  

which  we have  a l r e a d y  c o n s i d e r e d  in  e a r l i e r  work .  We have  a l r e a d y  used  t h e  

i d e a l  gas  a p p r o x i m a t i o n ,  i n  which  a l l  ~ i '  a r e  t a k e n  e q u a l  t o  u n i t y .  We have  

a l s o  made use  o f  t h e  second  v i r i a l  c o e f f i c i e n t  a p p r o x i m a t i o n  f o r  which  t h e  7 i '  

o f  t h e  HS model  a r e  r e p l a c e d  by t h e  t e r m  l i n e a r  i n  t h e  d e n s i t y  in  t h e i r  d e n s i t y  

e x p a n s i o n s  (which t e r m  a p p e a r s  in  a p p e n d i x  B o f  r e f e r e n c e  ( 3 ) ) .  

The method used  f o r  t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  f o r  t h e  c o n c e n t r a t i o n s  in  

b o t h  t h e  i d e a l  gas  and s econd  v i r i a l  gas  h a s  been  d e s c r i b e d  in  some d e t a i l  e l s e -  
whe re .  3 The p r o c e d u r e  used  h e r e  was r e q u i r e d  to  be  a p p l i c a b l e  to  a l l  t h r e e  

a p p r o x i m a t i o n s ,  i . e .  t he  i d e a l  g a s ,  s econd  v i r i a l  and HS. A l though  b a s e d  on 

t h e s e  e a r l i e r  m e t h o d s , t h e r e  was a c o n s i d e r a b l e  m o d i f i c a t i o n  o f  c e r t a i n  d e t a i l s  

o f  t h e  o r i g i n a l  a p p r o a c h  t o  a l l o w  f o r  g r e a t e r  f l e x i b i l i t y  in  o b t a i n i n g  s o l u t i o n s .  

In  o r d e r  to  p e r m i t  r e f e r e n c e  s p e c i e s  t o  be  chosen  a t  w i l l  s i m p l y  t h r o u g h  

m o d i f i c a t i o n  o f  t h e  i n p u t  d a t a  ( a s  d e s c r i b e d  i n  r e f e r e n c e  ( 3 ) ) ,  t h e  c a l c u l a t i o n  

o f  t h e  e q u i l i b r i u m  c o n s t a n t s  was made p a r t  o f  the  compu te r  p rog ram.  Th i s  l e d  t o  

t h e  d i s c o v e r y  o f  an e r r o r  i n  t h e  e q u i l i b r i u m  c o n s t a n t  used  f o r  02 i n  t h e  

p r e v i o u s  NBS t a b l e s .  Our c o r r e c t i o n  o f  t h i s  e r r o r  c aused  t h e  s e a r c h  method used  

f o r  f i n d i n g  the  e l e c t r o n  c o n c e n t r a t i o n  t o  be  u n s t a b l e  a t  low t e m p e r a t u r e s .  A 

n o t  i n s i g n i f i c a n t  amount o f  t ime  was spend i n  i s o l a t i n g  t h i s  p r o b l e m  and in  

c o r r e c t i n g  i t .  The p r o b l e m  was a s s o c i a t e d  w i t h  o r d e r s  o f  m a g n i t u d e  i n c r e a s e  in  

t h e  c o n c e n t r a t i o n  o f  02 which o c c u r r e d  a f t e r  t h e  c o r r e c t i o n  was i n s e r t e d .  As a 

r e s u l t ,  t h e  e l e c t r o n  c o n c e n t r a t i o n  now became o r d e r s  o f  m a g n i t u d e  s m a l l e r  t h a n  

t h e  c o n c e n t r a t i o n  o f  02 and ,  in  f a c t ,  was now c a l c u l a t e d  as  a s m a l l  d i f f e r e n c e  
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between the concentrations of NO + and 02. This often led to negatlve interim 

values for the electron concentration during the non-llnear search procedure. 

Since the electron concentration has only a minor effect on the values obtained 

for the other reference species, the problem was solved by instituting a grld 

s e a r c h  f o r  t h e  e l e c t r o n  c o n c e n t r a t i o n s ,  o v e r  p o s i t i v e  v a l u e s  o n l y  , wheneve r  a 

n e g a t i v e  g u e s s  v a l u e  was o b t a i n e d  f o r  t h a t  c o n c e n t r a t i o n ,  l e a v i n g  a l l  o t h e r  

c o n c e n t r a t i o n s  f i x e d  a t  t h e i r  c u r r e n t  v a l u e s .  

At low t e m p e r a t u r e s ,  i t  was a l s o  n e c e s s a r y  t o  p r o d u c e  a v e r y  s t r o n g  

"damping"  o f  t h e  e l e c t r o n  c o n c e n t r a t i o n  by  means o f  a q v a l u e  3 s m e l l e r  t han  

(bu t  i n  t h e  n e i g h b o r h o o d  o f )  u n i t y .  T h i s  r e d u c e d  t h e  " n a t u r a l "  e x c u r s i o n s  i n  

t h e  e l e c t r o n  c o n c e n t r a t i o n  f rom i t e r a t i o n  t o  i t e r a t i o n .  

I n i t i a l l y ,  p r e c i s e l y  t h e  same s e a r c h  p r o c e d u r e  was used  f o r  t h e  HS model  

a s  was used  e a r l i e r  f o r  t he  i d e a l  and second  v l r i a l  g a s e s  e x c e p t  t h a t  t h e  ¥ i '  

f o r  t h e  HS model  now had to  be  computed a t  e ach  i t e r a t i o n .  P rob l ems  a r o s e ,  

however ,  b e c a u s e  t h e s e  ~ t '  became q u i t e  l a r g e  f o r  c e r t a L n  s p e c i e s  a t  t h e  h i g h e s t  

d e n s i t i e s .  I n  f a c t ,  7 t '  v a l u e s  a p p r o a c h i n g  106 were  e n c o u n t e r e d .  Th i s  p r o d u c e d  

i n s t a b i l i t i e s  i n  t h e  s e a r c h  p r o c e d u r e  u s e d .  T h i s  p r o b l e m  was s o l v e d  by  what  

m i g h t  be  c a l l e d  a d u a l  l e v e l  s e a r c h  p r o c e d u r e .  I n  t h i s  p r o c e d u r e  an i n i t i a l  s e t  

o f  7 i '  were  computed  b a s e d  on t h e  i n i t i a l  g u e s s e s .  These 7 t '  were  m a i n t a i n e d  

c o n s t a n t  u n t i l  a s e t  o f  c o n c e n t r a t i o n s  was o b t a i n e d  which s a t i s f i e d  t h e  mass  

balance equations for the gas wlth these initial 71' values. Wlth these 

concentrations, a new set of 71' was computed. These new 71' were now held 

constant and a second set of concentrations obtained which satisfied the mass 

balance equations for thls second set of 71' values° The procedure was carried 

out repeatedly until the largest change in the 71' when recomputed was less than 

a given tolerance. To reduce the possibility of producing numerical instabilit- 

ies, only a fraction of the change calculated for each 71 t was used in any new 

iteration and, In any case, the 71' were not allowed to change by more than some 

arbitrary factor. In order to reduce the computer time required, a coarse 

tolerance was placed on the values of the concentrations accepted as correct for 

the first few sets of values (generally incorrect) obtained for the 71' In thls 

procedure. 

The p r e s e n t  compute r  p rog ram h a s ,  t o  a l a r g e  e x t e n t ,  r e t a i n e d  the  a b i l i t y  
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of the earlier program to obtain solutions essentially independent of the 

initial guess values for the concentrations of the reference species. The 

electron concentration is perhaps an exception to this but then mainly only 

when the computation on an isotherm~at quite high densities. 

Since the few problems which we have encountered with obtaining solutlons 

must depend on the specific search procedure used by us, it would be useful to 

study the process of solution for other search procedures. Because of its 

simplicity, we would place particular emphasis on a study of the direct search 

method of Hooke and Jeeves 31. 

Once the species concentrations are obtained in the above manner (with the 

mass balance equations satisfied to the tolerances specified for each reference 

species), the thermodynamic properties of the mixture can be calculated in a 

straightforward manner. 

VI. RESULTS 

In this section we discuss a number of special features of the results 

obtained, reserving our discussion to those results which illustrate the effects 

of density. We compare results obtained by us for the ideal gas, second vlrial 

coefficient and HS models with each other and, where appropriate, with the 

results of the GB extrapolation. We shall also compare the concentrations 

predicted for various ~pecles among the three approximations used by us. The 

Grabau-Brahlnsky model does not include the calculation of the species concentra- 

tions so cannot be included in that part of the discussion. 

C e r t a i n  i n t e r e s t i n g  f e a t u r e s  o f  t h e  p r e d i c t e d  dependence  o f  t h e  c o n c e n t r a -  

t i o n s  on d e n s i t y  a r e  a l s o  d i s c u s s e d .  Of p a r t i c u l a r  i n t e r e s t  i s  t he  d e m o n s t r a t i o n  

of the "strength" of Le Chatelier's prlnciple 32. 

A. THE DEPENDENCE OF SPECIES CONCENTRATIONS ON DENSITY. 

The f o r m a l i s m  which we have  d e v e l o p e d  has  t h e  c a p a b i l i t y  o f  p r e d i c t i n g  

d e n s i t y  e f f e c t s  on s p e c i e s  c o n c e n t r a t i o n s .  T h i s  a b i l i t y  i s  i m p o r t a n t  f o r  two 

r e a s o n s .  I t  i s  o b v i o u s l y  i m p o r t a n t  when the  c o n c e n t r a t i o n s  o f  t he  s p e c i e s  them-  
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s e l v e s  a r e  n e e d e d ,  a s  m i g h t  be  t he  c a s e  when s p e c i f i c  s p e c i e s  h a v e  p a r t i c u l a r l y  

i n t e r e s t i n g  p r o p e r t i e s .  Examples  migh t  be  t h e  e l e c t r i c a l l y  c h a r g e d  s p e c i e s  

(which o b v i o u s l y  a f f e c t  t h e  e l e c t r i c a l  c o n d u c t i v i t y  v e r y  s t r o n g l y )  and any  

s p e c i e s  which  r a d i a t e  in  a u s e f u l  p a r t  o f  t h e  s p e c t r u m .  Be ing  a b l e  t o  p r e d i c t  

d e n s i t y  e f f e c t s  on c o n c e n t r a t i o n s  i s  a l s o  i m p o r t a n t  i n  t h e  c a l c u l a t i o n  o f  t h e  

d e n s i t y  e f f e c t s  on t h e  the rmodynamic  p r o p e r t i e s .  The e x p r e s s i o n s  f o r  t h e  t h e r m o -  

dynamic  p r o p e r t i e s  o f  t he  r e a c t i n g  m i x t u r e  a r e  sums o v e r  c o n c e n t r a t i o n s  t i m e s  

p r o p e r t i e s  o f  i n d i v i d u a l  s p e c i e s  p l u s  sums o f  p r o d u c t s  o f  c o n c e n t r a t i o n s  t i m e s  

p r o p e r t i e s  o f  p a i r s  o f  s p e c i e s .  In  ou r  mode l ,  t h e  l a t t e r  e n t e r  i n t o  t h e  c a l c u l -  

a t i o n  o f  t h e  a v e r a g e  ( i . e .  one f l u i d )  m o l e c u l a r  d i a m e t e r .  The the rmodynamic  

p r o p e r t i e s  o f  t h e  m i x t u r e  t h e r e f o r e  depend on t e m p e r a t u r e  and p r e s s u r e  t h r o u g h  

t h e  dependence  o f  t h e  c o n c e n t r a t i o n s  on t h e s e  s t a t e  p a r a m e t e r s .  

Density effects on the thermodynamic properties of air have generally been 

calculated by others on the assumption that the species concentrations either 

do not change with density or simply obey the ideal gas mass action law. This 

was essentially the assumption of Grabau and Brahinsky. As we shall show, thls 

kind of assumption breaks down, particularly at the highest densities where the 

identities of the major species in the mixture change, when density effects are 

specifically taken into account. This can change the entire character of the 

gas being studied. 

Care  must  be  t a k e n  h e r e  n o t  t o  p l a c e  t o o  much e m p h a s i s  on the  a c t u a l  

n u m e r i c a l  v a l u e s  o b t a i n e d  by  us  f o r  t h e  c o n c e n t r a t i o n s .  The s p e c i e s  c o n c e n t r a -  

t i o n s  a t  h i g h  d e n s i t i e s  a r e  e x p e c t e d  to  be  s e n s i t i v e  f u n c t i o n s  o f  t h e  a s s u m p t i o n s  

made in  any c a l c u l a t i o n  o f  t h i s  k i n d .  I n  o u r  mode l ,  t h e y  can be  e x p e c t e d  to  

depend v e r y  s t r o n g l y  on t h e  i n t e r m o l e c u l a r  f o r c e s  used  ( e s p e c i a l l y  a t  t h e  h i g h -  

e s t  d e n s i t i e s )  a s  w e l l  a s  on the  method o f  c a l c u l a t i n g  t h e  h a r d  s p h e r e  d i a m e t e r  

a t  t e m p e r a t u r e s  f o r  which  t h e  second  v i r i a l  c o e f f i c i e n t  h a s  a n e g a t i v e  s l o p e .  

T h i s  p r o b l e m  i s  a s s o c i a t e d  w i t h  t h e  f a c t  t h a t  t h e  e f f e c t i v e  h a r d  c o r e  p o t e n t i a l  

p r o d u c e s  a s econd  v i r i a l  c o e f f i c i e n t  whose s l o p e  i s  a l w a y s  p o s i t i v e .  The 

r e l a t i o n s h i p  o f  t h e  a c t u a l  n u m e r i c a l  v a l u e s  o b t a i n e d  by  us t o  a c t u a l  a i r  m i g h t  

a l s o  be  e x p e c t e d  t o  depend s t r o n g l y  on o u r  o m i s s i o n  o f  such  s p e c i e s  a s  N204, C2, 

03 and @mas o f ,  t h e  m o l e c u l a r  i o n s .  

Because  o f  Le C h a t e l i e r ' s  p r i n c i p l e ,  e r r o r s  i n t r o d u c e d  i n t o  t h e  c a l c u l a t i o n  
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of the concentrations for any one of these reasons should be less than that 

which might be estimated from a direct calculation of the apparent effect of the 

omission. This principle is essentially a statement of the competition among 

the various chemical reactions, because of which species concentrations "resist" 

change. Thus, suppose a correction to the equilibrium constant in a certain 

reaction produces an increase in the concentration of a particular species. 

This increase will cause a competing reaction containing that same species to 

move in such a direction as to reduce the concentration of this particular 

species. The overall effect of the original correction to the equilibrium 

constant is thereby reduced. An example of this is described below. Because 

of this and because any errors resulting from our various assumptions can be 

expected to affect the different species perhaps randomly according to sign, the 
th 

overall effects of our zero order assumptions on the properties computed should 

actually be muc___~h smaller than might be expected from an examination of the 

effects of the various separate approximating assumptions. This error reduction 

m/ght be considered to be a decided advantage in favor of the use of a micros- 

copic molecular model such as ours. 

The operation of Le Chateller's principle can be seen by comparing the 

change in various concentrations actually obtained in the calculation when the 

density is changed at constant temperature with that whlch might have been 

expected from the change in the density factor (p/po)-ml in equation (1). 

Consider, for example, going from log D/0o = 2.0 to 3.0 at T = 3000K. For the 

species N20 , a concentration enhancement by a factor of 1.6x105 could have been 

expected based on the value 71' = 4"3x104at log P/Po " 3.0 and ~i = 0.5. whereas 

the actual e~hancement obtained involved only a factor of 1.7xi03. There 

was, therefore, a reduction by a factor of i00. 

Figures 16 and 17 contain plots of concentrations against density for a 

number of species for the temperatures 3000K and 9000K. The concentrations are 

those which were calculated using the full density effect with the HS equation, 

and those based on the ideal gas. 

The dependence  on d e n s i t y  o f  t h e  c o n c e n t r a t i o n  o f  oxygen and the  e f f e c t  o f  

t h i s  dependence  on t he  c o n c e n t r a t i o n  o f  the  o t h e r  s p e c i e s  a r e  p a r t i c u l a r l y  

i n t e r e s t i n g .  The r a p i d  d e c r e a s e  i n  the  c o n c e n t r a t i o n  o f  m o l e c u l a r  oxygen a t  
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the  h i g h e s t  d e n s i t i e s  i s  ve r y  dramat ic  f o r  the HS gas ,  e s p e c i a l l y  when compared 

to  i t s  behav i o r  in  the o t h e r  two approximat ions .  As a r e s u l t ,  the  gas a t  3000K 

and 1000 t imes normal d e n s i t y  c o n s i s t s  mainly o f  N 2 and NO r a t h e r  than of  N 2 and 

02 as p r e d i c t e d  in the  i d e a l  gas approx ima t ion .  Secondary e f f e c t s  from t h i s  

r e d u c t i o n  in  02 c o n c e n t r a t i o n  can be seen in  the marked r e d u c t i o n  in  the  
÷ 

c o n c e n t r a t i o n s  o f  02, 02 and 0- p r e d i c t e d  by the  HS theo ry  as compared to  the  

p r e d i c t i o n s  o f  the  i d e a l  gas approx ima t ion .  

The r e d u c t i o n  in  02 c o n c e n t r a t i o n  '~ resu l t s "  from the  enhancement in  the  

p r o d u c t i o n  o f  NO, NO 2 and N20 and the  a s s o c i a t e d  requi rement  f o r  the  p r o d u c t i o n  

o f  a tomic oxygen f o r  the  fo rmat ion  o f  these  s p e c i e s .  The cause o f  the enhance-  

ment of  t he se  s p e c i e s  can be seen in  Table  2 which c o n t a i n s  the  ¥ i '  va lues  f o r  

a l l  s p e c i e s  a t  T - 3000K f o r  s e v e r a l  d e n s i t i e s .  In the  c o n c e n t r a t i o n  u n i t s  used 

by us ,  i t  i s  n e c e s s a r y  to  m u l t i p l y  the  Yi'  by ( 0 / 0 o ) - ~ i  to  o b t a i n  the  f u l l  

d e n s i t y  e f f e c t  a long an i so the rm.  As i s  p o i n t e d  out  below, in  some i n s t a n c e s  

t h i s  produces  enhancement f a c t o r s  o f  l06 f o r  the  e q u i l i b r i u m  c o n s t a n t .  

An i n t e r e s t i n g  e f f e c t ,  which might be c a l l e d  a second o rde r  e f f e c t  o f  the  

r e d u c t i o n  in  02 c o n c e n t r a t i o n ,  was seen among the  carbon c o n t a i n i n g  compounds. 

According t o  the  7 i '  va lues  o f  Table  2, the c o n c e n t r a t i o n  o f  C should drop 

d r a s t i c a l l y  wi th  i n c r e a s i n g  d e n s i t y .  This i s  e s p e c i a l l y  t r u e  when the  f a c t o r  

( 0 /po ) -1  i s  added (b r ing ing  in  an a d d i t i o n a l  f a c t o r  of  10 -3 a t  t he  h i g h e s t  

d e n s i t y ) .  I n s t e a d ,  the  c o n c e n t r a t i o n  o f  C i n c r e a s e s  s l i g h t l y  wi th  d e n s i t y .  

This comes about  because  the r e d u c t i o n  in  02 c o n c e n t r a t i o n  causes  a dec rease  in  

the  p rodu c t i on  o f  CO 2. This " f r e e s "  carbon atoms which become a v a i l a b l e  f o r  

the  enhancement o f  the  CO and C c o n c e n t r a t i o n s .  

Another second o rde r  e f f e c t  i s  t h a t  o f  the  s l i g h t  i n c r e a s e  in  e l e c t r o n  

c o n c e n t r a t i o n  wi th  i n c r e a s i n g  d e n s i t y ,  q u i t e  the  oppos i t e  of  the  i d e a l  gas 

b e h a v i o r .  This  r e s u l t s  from the  dec rease  in  the  c o n c e n t r a t i o n s  of  02 and 0-  

which r e s u l t s  in  a d d i t i o n a l  f r e e  e l e c t r o n s .  The i n c r e a s e  in  the e l e c t r o n  

c o n c e n t r a t i o n ,  in  t u r n ,  r e s u l t s  in  a drop in  the  c o n c e n t r a t i o n  o f  NO÷p the  main 

e l e c t r o n  p r o d u c e r ,  caus ing  the  i n c r e a s e  in e l e c t r o n  c o n c e n t r a t i o n  to  be somewhat 

reduced from t h a t  expec ted  p u r e l y  on the b a s i s  of  r e d u c t i o n  in  02, ano the r  

example o f  Le C h a t e l i e r ' s  p r i n c i p l e .  
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Those species for which 71' has the value of unity in Table 1 are either 

reference species, for which no equilibrium constant is needed, or are ions for 

which no estimates of vlrlal coefficients were available. It should be noted 

that the 71 v values for the species N20 and N02 begin to approach 105 at the 

highest densities. This effect is further enhanced by the factor 33 for each 

arising from the factor (p/po)-1/2. The overall density effect for these 

species at p/D ° = I000 as compared to P/Po " l.O'is then such as to multlpy the 

equilibrium constant by a factor of over i06. It is therefore obvious why there 

is such a strong dependence of concentration on density. 

' J-,, 

The competition at the highest densities among NO, NO 2 end N20 (and 

especially between the last two) is particularly interesting. As the density 

increases, all three species' concentrations increase. At 3000K this occurs 

mainly at the expense of molecular oxygen. As the density increases, however, 

the enhancement of N20 begins to proceed at such a pace as to "require" oxygen 

atoms from other reactions so that, ultimately, the increase in N20 concentra- 

tion takes place at the expense of the.concentratlons of NO2, CO 2 and NO. At 

9000K, the initial enhancement occurs at the expense of the oxygen atom con- 

centratlon but, at intermediate densltles, produces a reduction in molecular 

oxygen concentration. Eventually, the increased N20 concentration occurs as a 

result of a reduction in NO and NO 2 concentrations. 

The absence of estimates of the vlrlals for interactions involving ionic 

species obviously leads t o  errors at t h e  highest temperatures where charged 

species become non-negllglble. Although these charged species do not dominate 

in our approximation, it is conceivable that they might become major constitu- 

ents through enhancements caused by large Yi' values which might be obtained. 

This effect might be expected to be smaller for the ionic species than it was 

for the neutrals NO, NO 2 etc. for two reasons. First of all, even at high temp- 

eratures, repulsion between ions of llke sign is reduced by the effects of 

attraction between those of opposite sign. Secondly, our inclusion of the Debye- 

HUckel limiting law (see reference (3)) already Lncludes part of the interaction 

between charged particles. 
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Table 3 contains the compressibility factor as a function of density at 

selected temperatures for all three approximations as well as for that of Grabau 

and Brahlnsky. The ideal gas approximation contains no correction to the 

equation of state for the effect of density. Since there is a "density effect" 

in the law of mass action as written in the units used by us there is a 

variation in the calculated compressibility factor with density. By our 

definition, the compressibility factor for the ideal gas is simply the total 

number of moles of the mixture. According to the equations of chemical equilib- 

rium for the ideal gas as written in our units, the effective equilibrium 

constant for a particular reaction in the ideal gas approximation is given by 

K; ff - K i (T/T 0 ) ul (p/po)-~i and so increases with density for those reactions 

in which a net decrease in the number of particles results in the production, 

from the reference species, of the species associated with the reaction. Such 

a reaction, for example, is 

g 

1 
N20 = N 2 + ~ 02 

where two molecules are produced for every three which react. On the other 

hand, a reaction for which there is a net increase in particles has an equilib- 

rium constant which decreases with density. An example is 

1 o = ~ o  2 

where  two oxygen a toms  a r e  p r o d u c e d  f o r  e ach  m o l e c u l e  o f  m o l e c u l a r  o x y g e n .  The 

n e t  r e s u l t  o f  t h i s  c o m b i n a t i o n  o f  enhanced  e f f e c t i v e  e q u i l i b r i u m  c o n s t a n t  w i t h  

d e n s i t y  f o r  r e a c t i o n s  i n  which  t h e  number o f  p a r t i c l e s  i s  d e c r e a s e d  and d e c r e a s -  

ed e f f e c t i v e  e q u i l i b r i u m  c o n s t a n t  w i t h  d e n s i t y  f o r  t h o s e  i n  which  i t  i s  i n c r e a s -  

ed i s  t o  p r o d u c e  a d e c r e a s e  i n  t he  t o t a l  number o f  p a r t i c l e s  w i t h  d e n s i t y  - a 

result which is clearly visible in Table 3. 

With v e r y  few e x c e p t i o n s  ( e .  S.  some o f  t h e  i o n i c  s p e c i e s )  a l l  v t r i a l  
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c o e f f i c i e n t s  a r e  e x p e c t e d  to  be p o s i t i v e  a t  t he  t e m p e r a t u r e s  o f  i n t e r e s t  (and,  

i n  f a c t ,  even a t  much lower  t e m p e r a t u r e s ) .  I t  i s  f o r  t h i s  r e a s o n  t h a t  t he  HS 

model i s  e x p e c t e d  to  be p a r t i c u l a r l y  a p p r o p r i a t e  h e r e .  Because o f  t h i s  p o s i t i v e  

b e h a v i o r ,  a t  t h e s e  t e m p e r a t u r e s  d e n s i t y  c o r r e c t i o n s  t o  t h e ' e q u a t i o n  o f  s t a t e  

must be p o s i t i v e  a t  a l l  d e n s i t i e s  and a r e  r e q u i r e d  to  i n c r e a s e  wi th  d e n s i t y .  

Any a p p r o x i m a t i o n  which has t h i s  c h a r a c t e r  must t h e r e f o r e  p roduce  a d e n s i t y  

c o r r e c t i o n  to  t h e  i d e a l  gas which has  the  c o r r e c t  s i g n ,  i f  no t  the  p r o p e r  

magn i tude .  The s i m p l e s t  such c o r r e c t i o n  i s  a s s o c i a t e d  w i t h  t a k i n g  o n l y  the  

second  v i r i a l  c o e f f i c i e n t .  A c c o r d i n g  t o  Tab le  3,  such  an a p p r o x i m a t i o n  does 

p roduce  an i n c r e a s e  in  c o m p r e s s i b i l i t y  f a c t o r . ~ r l t h  d e n s i t y  f o r  t he  i n t e r m o l e c u l a r  

p o t e n t i a l  f u n c t i o n s  used h e r e  s i n c e  t h e s e  p roduce  p o s i t i v e  second  v i r i a l  

c o e f f i c i e n t s .  The d e c r e a s e  in  the  magni tude  o f  t h i s  c o r r e c t i o n  w i t h  i n c r e a s i n g  

t e m p e r a t u r e  a t  c o n s t a n t  d e n s i t y  i s  caused  by a r e d u c t i o n  w i t h  i n c r e a s i n g  temp- 

e r a t u r e  i n  t he  magni tude  o f  t he  second  v i r i a l  c o e f f i c i e n t  f o r  many of  the  i n t e r -  

a c t i o n s  used s i n c e  the  t e m p e r a t u r e s  o f  i n t e r e s t  a r e  above t h o s e  a t  which the  

second  v i r i a l  c o e f f i c i e n t s  f o r  t h e s e  i n t e r a c t i o n s  e x h i b i t  maxima. 

The GB a p p r o x i m a t i o n  i s  s t r o n g l y  dependen t  on ou r  second  v i r i a l  c o e f f i -  

c i e n t s ,  s i n c e  t h o s e  a u t h o r s  made use o f  our  e a r l i e r  r e s u l t s  f o r  the  second  

v i r i a l  gas  t o  t i e  down t h e i r  e x t r a p o l a t i o n s  a t  5000 and 6000 k e l v i n s .  For  t h i s  

r e a s o n ,  t h e i r  p r e d i c t i o n s  shou ld  be in  c l o s e  ag reement  w i t h  t he  r e s u l t s  f o r  the  

second  v l r i a l  gas up t o  the  d e n s i t i e s  a t  which t h a t  a p p r o x i m a t i o n  i s  e x p e c t e d  

to be valid or to densities somewhat below I00 amagats. This is essentially 

the behavior exhibited in Table 3. Since'the @B model is based on the results 

of our second vlrial approximation, thls.agreement is not a test of the GB model 

but rather serves as a test of the computer program developed by those authors 

as well as of our own and as a test of the GB input data as obtained from our 

virials. Since their approximation includes an estimate for the effect of third 

vlrial coefficients and since the HS approximation does also, and since both of 

these are of the same.sign, the predictions of the GB calculation should be 

expected to agree with results for the HS model to slightly higher densities 

than the second virlal gas (and this is also exhibited in Table 3). 

Our p r e s e n t  r e s u l t s  a r e  e n t i r e l y  c o m p a t i b l e  w i th  the  p r e d i c t i o n s  o f  the  

second v i r i a l  gas .  This  i s  no more than  e x p e c t e d  s i n c e  bo th  c a l c u l a t i o n s  were 

based  on t h e  same second  vAria.1 c o e f f i c i e n t s  and s i n c e  our  model r e d u c e s  
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exactly to the second vlrlal gas in the limit of low density when all but 

linear density terms are neglected. 

As the density increases beyond approximately i00 amagats, our results for 

the HS model begin to deviate very rapidly from the second vlrlal results, 

becoming over twice as large at a density of i000 times normal. It should be 

noted that there is a similar relationship between the results for the GB 

approximation and those for the second vlrlal gas except that since those two 

approaches involve very similar approximations, differences between their 

results are considerably smaller than between the HS and second vlrlal 

approaches s especially at the highest densities. 

C. SUGGESTED POSSIBILITIES" FOR IMPROVEMENTS IN THE TABLES. 

As mentioned above, a number of approximations were made in order to 

expedlte, the ~ompletlon of these calculations. These approximations were 

considered to be sufficiently minor so as not to affect a study of the effect 

of density corrections on the concentrations and of the feasibility of carrying 

out such calculations. Because of the nature of the calculation and because of 

the applicability of Le Chateller's principle, most of the approximations should 

not be expected to affect the accuracy of the compressibility factors drastic- 

ally. In this section we shall describe ways in which these approximations 

might be relaxed In order to produce more accurate tables. Please note that 

the order in which the approximations are discussed is not necessarily related 

to the order of their importance. 

In thls calculation we include only the compressibility factor from among 

the thermodynamlc propertles. Thermodynamic properties can be obtained either 

through numerical operations on our tables of compressibility factors or 

through direct calculation of the properties from the equations given in the 

text. For some of the properties, such direct calculations require a knowledge 

of the temperature derivatives of the temperature dependent parameters associat- 

ed wlth the effective potentlal function, l.e. b(T) and ¢(T), partlcularly the 

first. This, In turn, requires an improvement in the method used for the cal- 

culatlon of the hard sphere diameters for temperatures above that at which the 

second vlrlal coefficient attains its maximum. While the method used by us 
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produces a relatively trivial discontinuity in the value of b(T) at the change- 

over temperature, it does produce a discontinuity in its temperature derivative 

which is much larger. It is clearly possible that these discontinuities in the 
db 

values o f ~  will also be reflected in dZ/dT values obtained in a numerical 

differentiation. Hence, even though it might be possible to neglect the temp- 

erature derivative of b(T) as being small, it is probably very necessary to 

improve on the method of calculating b(T) at high temperatures to ensure that 

spurious discontinuities in slope are not introduced. 

There are a number of methods which could be used for the calculation of 

b(T) for temperatures above that at which the second vlrlal attains a maximum 

and these should be investigated. Since the effect of attraction can be 

totally neglected at these temperatures, the most promising method might be one 

in which the problem of finding the two parameters b(T) and ~(T) at each temp- 

erature is replaced by that of obtaining b(T) only. The present method 

essentially does this but in a very arbitrary manner, and must be modified so 

as to produce a smooth table of values for db/dT. 

An obvious improvement in the tables will also result when the i n t e ~  = 

molecular potentials used by us are replaced by improved ones. The most 

important of these have already been determined by us in earlier work under 

this contract. In an earlier report, we estimated the possible effect of this 

on calculated tables. Although the effect was shown to be considerably smaller 

than were the substantial differences reported here between our results and those 

of the GB model, they were nevertheless found to be not negligible. Such a 

study needs t o  be made within the context of the HS theory, it being otherwise 

impossible to place meaningful estimates of precision on our results. For the 

second vlrial coefficient alone, the ratio of the value predicted for the (18,6) 

potential to that predicted for the (12,6) at a temperature of 5000 ° when the 

value at 500" is correctly predicted by both, is given approximately by 

2 '~ 1 m. 

rsooo,1. 12 i. = (lO> 
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for a difference of approximately 14Z. 

Those p r o p e r t i e s  which depend on db/dT would p robab ly  on ly  be modi f ied  

s l i g h t l y  by changing the  p o t e n t i a l s  s i nce  db/dT i s  small  f o r  almost  a l l  

p o t e n t i a l s  a t  the  t empera tu res  of  i n t e r e s t .  In  our  e a r l i e r  r e p o r t  27 t h i s  was 

shown to  be t r u e  f o r  the  f i r s t  d e n s i t y  c o r r e c t i o n s  to such p r o p e r t i e s .  

Zmprovement of the tables through the improvement of certain of the inter- 

molecular potentials used (e.g. pair interactions Involvlng NO2) would take 

considerable additional effort. This would require a literature search for 

experimental data for second vlrlal coefficients end viscosity data for the 

relevant species and the determination of parameters for intermolecular forces 

using such data. 

Related to this but somewhat broader in scope i a ~ h e  need for a detailed 

study of mixing rules by means of whlch potential functions which describe the 

interactions between unlike species are inferred from those which describe the 

interactions between llke species. This is particularly important for such 

pairs as N 2- NO which are major constituents under the conditions of interest. 

One of the unexpected problems which we met in this work had to do wlth 

the need for having enough interaction virials for the description of the inter- 

actions between a given major species and other important species. Because the 

net effect of these interactions on the equilibrium constant generally appears 

as a smaller difference between larger quantities, such quantities cannot be 

arbitrarily neglected. We solved this problem partly by a shift to other 

reference species and partly by arbitrary approximation of the unknown inter- 

actions. A study needs to be made to establish a criterion for determining 

when such interactions can be neglected. The importance of this can be seen 

from the sheer number of possible interactions which can be needed in a cal- 

culation of this kind. Thus, in a mixture of n constituents there are 

n(n+l)/2 palr interactions. A mixture of 30 species therefore has 465 possible 

palr interactions l! The determination of these would constitute a tremendous 

Job made particularly difficult in our case by the facts that data are not 

available for the appropriate binary mixtures (since many of these species can- 

not be handled at ordinary temperatures while other species are not available 

% t~o . 
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in more than trivial concentrations at equilibrium at such temperatures). This 

is, for example, true of the atomic species. Another major problem comes from 

the fact that of the 465 pairs, 435 involve interactions between unlike species. 

The possibility of there bein E data on the 435 binary mixtures needed at a 

sufficient number of temperatures and for a sufflcient number of relative 

concentrations from which to infer potentials of interaction is extremely small. 

Thus, many of the interactions need to be estimated by whatever means is 

available. Clearly, any reduction in the number of palr interactions needed 

and in the accuracy with which the remainin E ones are needed produces a 

comparable direct reduction in the amount of work involved in calculations of 

this kind. Thus, criteria need to be established, within the framework of our 

model, by means of which it can be determined when a particular pair inter- 

action can be neElected and when a palr interaction contributes sufficiently 

little so that it can be approximated in a rather cavalier fashion. 
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T* 

0.90 
0.95 
1.00 
1.20 
1.30 
1.40 
1.50 
1.60 
1.70 
1.80 
1.90 
2.00 
2.10 
2.20 
2.30 
2.40 
2.50 
2.60 
2.70 
2.80 
2.90 
3.00 
3.10 
3.20 
3.30 
3.40 

Table 1. 

Q* 

-0.60070 
-0.59951 
-0.59705 
-0.57737 
-0.56310 
-0.54667 
-0.52851 
-0.50893 
-0.58818 
-0.46656 
-0.44389 
-0.42062 
-0.39675 
-0.37236 
-0.34751 
-0.32226 
-0.29666 
-0.27075 
-0.24456 
-0.21812 
-0.19147 
-0.16461 
-0.13758 
-0.11038 
-0.08304 
-0.05556 

Q* Values fo r  the (12,6) 

T* Q* 

3.5 -0.02795 
3.6 -0.00024 
3.7 0.02759 
3.8 0.05550 
3.9 0.08351 
4.0 0.11159 
4.4 0.22464 
4.6 0.28153 
4.8 0.33861 
5.0 0.39587 
5.2 0.45328 
5.4 0.51083 
5.6 0.56850 
5.8 0.62629 
6.0 0.68417 
6.2 0.74214 
6.4 0.80019 
6.6 0.85832 
6.8 0.91651 
7.0 0.97476 
7.2 1.03307 
7.4 1.09143 
7.6 1.14984 
7.8 1.20829 
8.0 1.20829 
8.2 1.32532 

Hard Core P o t e n t i a l  

T • Q* 

8.4 1.38388 
8.8 1.50111 
9.0 1.55976 
9.2 1.61844 
9.4 1.67715 
9.6 1.73588 
9.8 1.79463 

10.0 1.85341 
11.0 2.14753 
11.5 2.29474 
12.0 2.44202 
12.5 2.58939 
13.0 2.73679 
13.5 2.88426 
14.0 3.03178 
14.5 3.17934 
15.0 3.32694 
15.5 3.47458 
16.0 3.62225 
16.5 3.76994 
17.0 3.91767 
17.5 4.06542 
18.0 4.21319 
18.5 4.36098 
19.0 4.50879 
19.5 4.65661 
20.0 4.80446 
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Specles 0.0 _ 1.0 

D e n s i t i e s  f o r  R e p r e s e n t a t i v e  Specles  

log D/p o 
2.0 2.4 2.8 2.9 2.95 3.0 

m 
0 
? 
,-I 

01 

C 0.9978 0.9784 0.7869 0.4965 0.0598 0.0083 

0 0.9992 0.9923 0.9268 0.8353 0.6900 0.6297 

N 0.9991 0.9912 0.9163 0.8111 0.6365 0.5715 

0- 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

NO + 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

N20 1.0001 1.0016 1.0575 1.4128 19.4924 383,1603 

NO 2 1,0000 1.0005 1.0445 1.3580 16.2103 278.0573 

CO 2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

CO 0,9989 0.9886 0.8959 0.7808 0.6912 0.7177 

NO 0.9999 0.9997 1.0225 1,2001 5.6625 32.0525 

0.0015 

0.5904 

0.5338 

1.0000 

1.0000 

5879.5 

3786.1 

1.0000 

0.7651 

156.53 

0.0001 

0.5278 

0.4824 

1.0000 

1.0000 

43450. 

221998. 

1.0000 

0.8457 

1803.98 



ta% 

lo8 PIo o Plo o 

0.0 1.000 
1.00 10.000 
2.00 100.000 
2.20 158.489 
2.40 251.189 
2.60 398.107 
2.80 630.957 
3.00 1000.000 

T a b l e  3. Comparisons o f  the  C o N p r e s s i b t l i t y  F a c t o r s ,  PV/RT f o r  A i r  
f o r  Four Approx ima t ions  ( I n c l u d i n g  t h a t  o f  Crabau and B r a h i n s k y )  

a s  F u n c t i o n s  o f  D e n s i t y  a t  Va r ious  Te m pe r a t u r e s  

T - 3000 K 

I d e a l  2nd V i r .  H.S.  CB I d e a l  

T - 6000 g 

2nd V i r .  H.S.  

1.00716 1.00860 1,00860 1.00860 1.19771 1,19933 1.19932 
1.00216 1.01657 1.01670 1.01671 1.12652 1.14152 1.14167 
1.00026 1.14431 1.15822 1.15971 1.05716 1.19883 1.21259 
0.99999 1.22827 1.26474 1.26702 1.04694 1.26982 1.30521 
0.99971 1.36150 1.45984 1.45689 1.03811 1.38913 1.48281 
0.99943 1.57279 1.85170 1.83684 1.03055 1.58387 1.84433 
0.99911 1.90779 2.78587 2.61764 1.02411 1.89703 2.68901 
0.99875 2.43885 5.86038 4.39136 1.01863 2.39685 5.29604 

CB 

1.19931 
1.14165 
1.21076 
1.29973 
1.41913 
1.73683 
2.36473 
3.59066 

m 
o 
? 
-4 

01 



L/I 
4~ 

log P/Po P/Po 

0.0 2.000 
0.50 3.162 
1.00 10.000 
1.50 31.623 
2.00 100.000 
2.20 158.489 
2.40 251.189 
2,60 398.107 
2.80 630.957 
2.85  707.946 
2 .90  794.328 
2.95 891.251 
3.00 1000.000 

T a b l e  4.  C o m p r e s s i b i l i t y  F a c t o r s ~  PV/RTp f o r  A i r  f o r  Three  A p p r o x i m a t i o n s  a s  F u n c t i o n s  
o f  D e n s i t y  a t  V a r i o u s  T e m p e r a t u r e s  

T = 2000 K T - 3000 K T o 4000 K 

Ideal 2nd Vir. H.S. Ideal 2nd Vlr." H.S. Ideal 2nd Vlr. 

1.00003 1.00147 1.00147 1.00716 1.00860 1.00860 1.06259 1.06406 
0.99999 1.00453 1,00454 1.00400 1.00856 1.00858 1.03838 1.04297 
0.99995 1.01429 1.01443 1.00216 1.01657 1.01670 1.02258 1.03697 
0.99989 1.04522 1.04668 1.00103 1.04660 1.04793 1.01282 1.05808 
0.99980 1.14313 1.15847 1.00~26 1.14431 1.15822 1.00689 1.14954 
0.99974 1.22692 1.26722 0.99999 1.22827 1.26474 1.00519 1.23109 
0.99968 1.35972 1.46876 0.99971 1.36150 1.45984 1.00376 1.36152 
0.99959 1.57022 1.88108 0.99943 1.57279 1.85170 1.00252 1.56918 
0.99948 1.90387 2.88947 0.99911 1.90779 2.78587 1.00141 1.89904 
0.99945 2.01418 3.38046 0.99902 2.01857 3.22655 1.00114 2.00819 
0.99941 2.13797 4.10655 0.99894 2.14287 3.83243 1.00088 2.13068 
0.99938 2.27685 5.16701 0.99884 2.28235 4.67103 1.00063 2.26815 
0.99934 2.43269 6.74005 0.99875 2.43885 5.86038 1.00037 2.42241 

H.S. 

1.06406 
1.04299 
1.03710 
1.05940 
1.16327 
1.26696 
1.45801 
1.84263 
2.76067 
3.18815 
3.76453 
3.76453 
5.67075 

m 
o 
o 
-4 

O~ 
& 
(Jl 

0.0 1.000 
0.50 3.162 
1.00 10.000 
1.50 31.623 
2.00 100.000 
2.20 158.489 
2.40 251.189 
2.60 398.107 
2.80 630.957 
2.85 707.946 
2 .90  794.328 
2.95 891.251 
3.00 1000.000 

T - 5000 K T o 6000 K T - 7000 K 

1.14410 1.14566 1.14566 1.19771 1.19933 1.19932 1.26975 1.27145 
1.10701 1.11176 1.11178 1.16425 1.16918 1.16919 1.21977 1.22481 
1.07208 1.08669 1.08683 1.12652 1.14152 1.14167 1.17562 1.19096 
1.04503 1.09036 1.09171 1.08877 1.13467 1.13605 1.13236 1.17900 
1.02654 1.16822 1.18190 1.05716 1.19883 1.21259 1.09191 1.23433 
1.02112 1.24492 1.28043 1.04694 1.26982 1.30521 1.07758 1.30063 
1.01660 1.37031 1.46520 1,03811 1.38913 1.48281 1.06464 1.41441 
1.01280 1.57208 1.83911 1.03055 1.58387 1.84433 1.05317 1.60231 
1.00959 1.89425 2.72389 1.02411 1.89703 2.68901 1.04315 1.90629 
1.00887 2.00103 3.12882 1.02266 2.00108 3.07032 1.04086 2.00750 
1.00817 2.12093 3.67196 1.02127 2.11800 3.58090 1.03865 2.12127 
1.00749 2.25554 4.42148 1.01992 2.24934 4.28637 1.03653 2.24934 
1.00684 2.40665 5.48858 1.01863 2.39685 5.29604 1.03448 2.39279 

1.27142 
1.22482 
1.19111 
1.18043 
1.24822 
1.33603 
1.50716 
1.85660 
2.66258 
3.02267 
3.50419 
4.28637 
5.12396 



~n 
tab 

1o8 0/0  o 0 /o  o 

0.0 1.000 
0 .50  3.162 
1.00 10.000 
1.50 31.623 
2,00 100.000 
2.20 158.489 
2 .40  251.189 
2.60 398.107 
2.80 630.957 
2.85 707.946 
2 .90  794.328 
2.95 891.251 
3,00 1000.000 

0 .0  1.000 
0.50  3.162 
1.00 10.000 
1.50  31.623 
2.00 100.000 
2.20  158.489 
2.4O 251.189 
2.60 398.107 
2.80 630.957 
2.85 707,946 
2.90 794.328 
2.95 891.251 
3.00 1000.000 

Table  4. Compress i b i l i t y  F a c t o r s ,  PV/RT, f o r  A l r  f o r  Three  Approx ima t ions  as  F u n c t i o n s  
o f  D e n s i t y  aC Var ious  T em pera tu r e s  (Cont inued)  

• T = 8000 K 

I d e a l  2nd V l r .  

1.39887 1.40073 
1.30590 1.31111 
1.23653 1.25221 
1.17952 1.22691 
1.12922 1.27275 
1.11104 1.33491 
1.09423 1.44376 
1.07895 1.62527 
1.06530 1.92006 
1,06214 2.01822 
1.05909 2.12851 
1.05613 2.25225 
1.05327 2.39069 

T = 11000 K 

T = 9000 K 

H.S.  I d e a l  2nd V t r .  H.S.  

T = 10000 K 

I dea l  2nd V l r .  

1.40067 1.57870 1.58092 1.58081 1.75557 
1.31113 1.43559 1.44113 1.44115 1.59299 
1.25238 1.32462 1.34084 1.34103 1.44170 
1.22840 1.24034 1.28868 1.29031 1.32093 
1.28692 1.17308 1.31801 1.33279 1.22803 
1.37064 1.14966 1.37478 1.41150 1.19695 
1.53628 1.12811 1.47801 1.57167 1.16880 
1,87516 1.10846 1.65256 1.90147 1.14341 
2.64817 1.09075 1.93623 2.64864 1.12063 
2.99064 1.08663 2.02946 2.97754 1.11534 
3.44787 1.08263 3.41590 1.11021 
4.07983 1.07875 4.02162 1.10522 
4.98634 1.07500 4.89104 1.10040 

1.88065 1.88393 1.88443 
1.74179 1.74884 1.74889 
1.57443 1.59300 1.59327 
1.41996 1.47187 1.47400 
1.29616 1.44580 1.46322 
1.25511 1.48445 1.52602 
1.21833 1.56995 1.67196 
1.18548 1.72117 1.98433 
1.15627 2.70028 
1.14951 3.01484 
1.14295 3.43301 
1.13660 4.01070 
1.13045 4.84201 

1.75831 
1.59914 
1.45884 
1.37070 
1.37491 
1.62384 
1.51948 
1.68489 

T = 12000 K T = 13000 K 

1.95523 
1.85446 
1.70139 
1.52904 
1.37588 
1.32372 
1.27688 
1.23514 
1.19818 
1.18964 
1.18138 
1.17339 
1.16566 

1.95864 
1.86238 
1.72172 
1.58386 
1.52919 
1.55620 
1.62873 
1.73950 

1.95864 
1.86242 
1.72205 
1.58635 
1.54866 
1.60160 
1.73815 
2.03625 
2.74512 
3.06156 
3.47979 
4.05639 
4 .88690 

2.00423 
1.92978 
1.80573 
1.63623 
1.46252 
1.39995 
1.34289 

2.00857 
1.93876 
1.82806 
1.69460 
1.62015 
1.63541 
1.69073 

H.S. 

1.75824 
1.59917 
1.45907 
1.37253 
1.39075 
1.46246 
1.61621 
1.93760 
2.66597 
2.98550 
3.41076 
3.99831 
4.84254 

2.00857 
1.93880 
1.82842 
1.69746 
1.64206 
1.68573 
1.80986 

m 
o 
o 

tit 
(b 
OI 



AE DC-TFI-76-85 

. 

REFERENCES 

Hilsenrath, J., and Klein, M. AEDC-TDR-63-161. Arnold Eng. and Develop. 
Center, Tullahoma, Tennessee. AD 339389. (1963). 

Hilsenrath, J., and Klein, M. AEDC-TDR-63-162. Arnold Eng. and Develop. 
Center, Tullahoma, Tennessee. AD 432210. (1964). 

H/isenrath, J., and Klein, M. AEDC-TR-65-58. Arnold Eng. and Develop. 
Center, Tullahoma, Tennessee. AD 612301. (1965). 

. 

3. 

Hilsenrath, J., and Klein, M. AEDC-TR-66-65. Arnold Eng. and Develop. 
Center, Tullahoma, Tennessee. AD 630461. (1966). 

H/lsenrath, J., Messina, C.G., and Klein, M. AEDC-TR-66-248. Arnold Eng. 
and Develop. Center, Tullahoma, Tennessee. AD 644081. (1965). 

Grose, W.L., and Nealy, J.E., AIAA Jour. 8, 1164 (1970). 

Klein, Max, Chapter 7 of "Physical Chemistry" - Vol. I - Thermod)mamics, 
edited by H. Eyrlng, W. Jost and D. Henderson, Academic Press, New York, 
N.Y. (1971). 

4. Klein, Max and Green, M.S., J.  Chem. Phys. 39, 1367 (1963). 

5. Klein, M., AEDC-TR-67-67. Arnold Engineering and Development Center, 
Tullahoma, Tennessee. AD 649463 (1967). 

6. Hear, L. and Shenker, S.H., J. Chem. Phys. 55, 4951 (1971). 

7. Woolley, H.W., Report AFSWC-TDR-62-21, Air Force Special Weapons Command, 
Kirtland Air Force Base, New Mexico (March 1962). (AD 276922). 

8. Grabau, M. and Brahinsky, H.S., AEDC-TR-66-247, Arnold Eng. and Develop. 
Center, T ullahoma, Tennessee. AD 646172 (1967). 

9. Hear, L. and Sengers, J.M.H.L., J. Chem. Phys. 46, 4181 (1967). 

10. Weeks, J.D., Chandler, D. and Anderson, H.C., J. Chem. Phys. 54, 5237 (1971). 

11. War,helm, M.S., Phys. Hey. Letters I0, 321 (1963); J. Math. Phys. ~, 643 
(1964); Thiele, E., J. Chem. Phys. 39, 474 (1963). 

12. Klein, Max, Phys. F1. ~, 391 (1964); Rae, F.H. and Hoover, W.G., J. Chem. 
Phys. 46, 4181 (1967). 

13. Mayer, J.E. and Mayer, M., "Statistical Mechanics," John Wiley and Sons, 
New York (1940). 

14. 81rscnfelder, J .O. ,  Curtlss, C.F. and Bird, R.B., "Molecular Theory of Gases 
and Liquids," John Wiley and Sons, New York, N.Y. (1954). 

15. Alder, B.J. and Walnwright, T.F., J. Chem. Phys. 33, 1439 (1960). 

16. Wood, W.W., Parker, F.R. and Jacobson, J.D., 11 Nuovo Clmento, Suppl., IX 

56 



AEDC-TR-76-85 

Series X, 133 (1958). 

17. see reference 7 page 154. 

18. Rowllnson, J.R. in "Physics of Simple Liquids" edited by Temperley, H.N.Vo, 
Rowllnson, J.S. and Rushbrooke, GoS., Wiley and Sons, New York, N.Y. (1968). 

19. Zwanzig, R.W., J. Chem. Phys. 22, 1420 (1954). 

20. Barker,  J.A. and Henderson, D., J .  Chem. Phys. 47, 4714 (1967); Toxvaerd, S . ,  
J. Chem. Phys. 53, 2389 (1970). 

21. Keller, J.B. and Zumlno, B., J. Chem. Phys. 30, 135 (1959). 

22. Mansoori, G.A., Provtne,  J.A. and Canf ie ld ,  F.B. ,  J .  Chem. Phys. 51,  5295 
(1969). 

23. Toxvaerd, S., p r i v a t e  communication. 

24. Henderson, D. and Baker, J .A . ,  in  "Physical  Chemistry" VIZZA, ed i t ed  by 
Eyring,  H., Henderson, D. and J o s t ,  W., Academic Press ,  New York, N.Y., 
(1971), Chapter 6. 

25. Sengers, J.M.H.L., Klein, M. and Gallagher, J.S., "Pressure-Volume-Temperature 
Relationships for Gases," Amer. Inst. of Physics Handbook, Third Edition, 

McGraw-Hlll, New York, N.Y. (1972), p. 4-204. 

26. Barker, J.A., Henderson, D. and Smith, W.R., Phys. Hey. Lett. 21, 134 (1968). 

27. Reference 5, p. 22. 

28. Hill, T.L., "Statistical Mechanics," (McGraw-Hill Book Co., Inc., New York, 
N.Y. 1960). 

29. Henderson, D. and Leonard, P.J., Proc. Nat. Acad. Scl. USA 68, 632 (1971). 

30. Henderson, D. and Leonard, P.J., Proc. Nat. Acad. Sci. USA, 68, 2354 (1971). 

31. Hooke, R. and Jeeves, T.A., Comm. A.C.M. 8, 212 (1961). 

32. Partlngton, J.R. "An Advanced Treatise on Physical Chemistry," Lon~nans, 
Green and Co., New York, N.Y. (1949), p. 180. 

33. Leve l t ,  J.M.H., Physics  26, 361 (1960); van I t t e r b e e k .  A.,  Verbeke, O. and 
Staes ,  K.,  Physics  29,  742 (1963); Robertson, S .L . ,  Babb, S .E. ,  J r . ,  and 
Scot ,  G.S.,  J .  Chem. Phys. 50,  2160 (1969). 

34. Verlet, L., Phys. Rev. 159, 98 (1967); Levesque, D. and Verlet, L., Phys. 
Rev. 182, 307 (1969). 

35. Michels, A., Lunbeck, R.J. and Wolkers, C.J., Physlca 1_~7, 801 (1951); 
Robertson, S.L. and Babb, S.E., Jr., J. Chem. Phys. 50, 4560 (1969). 

57 



1.0 

gn 
0 

-I.0 

m m 

B~ 

/ B~ vsT ~ 
/ . for_ 

_ ~ L.J. (12,6) _ 

I J , , ,  

I0 
T* 

FIG, 1, REDUCED VIRIAL COEFFICIENTS BN* VS REDUCED TEMPERATURE T*, THE MAXIMA Tee 
TO ~ ~EI~ATURES HI'Ill INCREASING N, S ~ I N G  "rilE/d~C, tJl~l[~'~'r MADE IN 

TEXT THAT, EXCEPT AT LOW TEMPERATURES, THE HIGI'ER VIRIALS ARE REPRESB¢I"ABLE 
BY ~W~-SPHERe mTF.RACTIONS Wm~UT ATmACTION, 

I00 

m 

? 
-4 
, i  

m 
w 



A E D C - T R - 7 6 - 8 5  

5 I I I 

u(r) 

0 

- 5  

-I0 

FIG, 2, 

-I 5 

o # 

;J  

w 

m=7 

m=12 

ISOTHERMAL 
m = 2 4 :  i FUNCTIONS 

I 
I ! 

- I I 
I 

• I -- ; a 

,I 
• I 

-- I | 

I I I I I 

0 .5 I 1.5 2 2.5 
r 

EFFECTIVE POTENTIALS VS MOLECULAR SEPARATION IN Ai~ITRARY UNITS FOR SEVERAL 

VALUES OF M AND FOR T* = 2,5, IT IS SEEN THAT THOUGH THE SHAPE OF THE "~3k/L" 

IS QUITE SENSITIVE TO THE CHARACTERISTIC P ~ E R  H, THE SPHERE DIAMETER AT 

THIS TEMPERATdRE IS ONLY WEAKLY SENSITIVE TO IT, 

60 



1.0 

o(T) 
O- 

.95 

.9 

1.0 

m=9 

I I i 

SPHERE SIZE vs T* 

ZBH 

I , I I 

2.0 5.0 

T* 
FZG, 3, THE SPHERE DZ,6Z, LnT.n IN REDUCED LIN]TS 
VS REfaCED TI~IPEP, A T I ~ E  FOR EFFECTIVE POTIMTIALS 

wz~ M=cJ ~ ~=~  ~ FOR ~ Z~I ~ o ~ ,  

4.0 5.0 

I l l  
{3  
0 

' I  

Jo 
01 

L,,%. r,.~ - 



AEDC-TR-76-85 

2.0 

ARGON 
T=II9.8K 

0 

//I-2,4 

1.0 
3 

Z 

3 

0 

1,4 

-.5 

FIG, 4, 

I I I I I 

0 .2 .4 .6 .8 
p~ 

~.D/~RESSIBILITY FACTOR FOR ARGON VS REDUCED DENSITY o(~  3) -= p* FOR 

T = 119.8K. OJRVES 1, THIS WORK" CURVES 2 AND 4, Zt~ THEORY FROM 
REFERENCES ~ AND 2~, RESPECTIVELY; CURVES 3, ~H THEORY BASED ON ~'~]~I"E 
CARI~CALCULATIONS OF PERTURBATION T E~S2~; CURVES S, PVI" EXPERIMENTAL 

DATA "~'~, ],IE "COMPUTER EXPERIrIEi{I"S "~ ARE DESIGNATED BY CIRCLES, I~qTE 
CARLO" h~D SQUARES, MOLECULAR DYNAMICS, 
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FIG. 5. CO~eRESSlalUTY FACTOR VS DENSITY FOR 
ARGON FOR T = II~.7Ka see C,U'TI~, Fxs. 4. 
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SENSITIVITY OF EQUATION OF STATE FOR ZBH THEORY TO CHOICE OF POTENTIAL 
FLINCTION, COMPRESSIBILITY FACTOR IS PLO'I'rED VS DENSITY IN /V&~AT, FOR 
CURVE l ,  THE REFERENCE POTENTIAL IS THE LENNARD-JONES (1_8,6)~ FOR CURVE 2, 
THE LF.NNARD-JONES (~2~), THE NLF1ERICAL RESULTS ARE FROM CALCULATIONS 
FURNISHED BY TOXVAERD ~ USING POTENTIAL PARAMETERS ¢//K = ]..~9,~, o -- ~,tlO ~ 
FOR THE LAI-I'EF AND EQUATION (].2) r'OR THE FORMER, 
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